Stabilization via Iterativ e State Steering with Application to Chained-F orm Systems

Pasquale Lucibello Giuseppe Oriolo

Dipartimen to di Informatica e Sistemistica Universit`a degli Studi di Roma “La Sapienza” Via Eudossiana 18, 00184 Roma, Italy {lucibell,oriolo}@labrob.ing.uniroma1.it

Abstract

A general approach is presented for the robust stabilization of controllable systems. The proposed strategy is viable whenever one can compute a finite-time control law that steers the state from any initial condition to a point closer to the desired equilibrium. Under suitable hypotheses, such control law can be applied in an iterative fashion, obtaining exponential convergence of the state to the equilibrium point. Moreover, small nonpersistent perturbations are rejected, while small persistent perturbations induce limited errors. The proposed approach is applied to chained-form systems and simulations are presented for a unicycle.

1 In tro duction

In this paper we address the asymptotic stabilization problem of equilibrium points for controllable systems. We propose a general control strategy that in some cases may have advantages over existing metho ds, allowing to solve difficult problems, such as the robust stabilization of the unicycle—a system represen tativ e of the class of controllable systems without drift. For linear systems, controllabilit y and exponential stabilizabilit y of an equilibrium point by linear static or dynamic state feedback imply each other. This is not true for nonlinear systems [1]. Indeed, there exist classes of systems which are controllable but not asymptotically stabilizable by a continuous timeinvariant feedback, e.g., nonholonomic systems. This fact has motivated the search for stabilizing timevarying [2, 3] and discontinuous [4, 5, 6] feedback control laws for particular classes of systems. Hence, there is a certain interest in control strategies differen t from the classic continuous state feedback, for they can allow to solve the stabilization problem in systems that are not controllable in the first approximation. The control strategy herein proposed can be summarized as follows. Suppose that we can compute a control law, not necessarily dependent on the state variables, which steers the system in finite time from any point to another one closer to the desired equilibrium. By applying such control law in an iterativ e fashion one can, under some technical assumptions, prove exponential convergence to the desired equilibrium. The resulting control is a time-varying law whose expression depends on a sampled feedback action. A similar control approac h has been proposed in [7] for the design of discontinuous time-varying stabilizing feedback, resulting in a computationally intensive metho d applicable to systems of small dimension (≤ 3). Also, there are similarities between our strategy and receding horizon control metho ds [8]. A distinctiv e point of our approac h is the possibility to guaran tee certain robustness properties. In particular, non-persisten t perturbations are rejected, while ultimate boundedness is guaran teed in the presence of persisten t perturbations. Moreover, our metho d can be applied to systems with drift, whereas the aforementioned techniques work only for driftless systems. The paper is organized as follows. The fundamen tal ideas on which iterativ e state steering is based are introduced in Sect. 2, while robustness of the approac h is established in Sect. 3. The application to chained-form systems is presented in Sect. 4, together with simulation results for a wheeled mobile robot.

2 Iterativ e state steering

The stabilization strategy herein considered relies on the iterativ e application of a suitable control law. During each iteration, the state of the plant is steered from the curren t initial condition to one closer to the origin, which is assumed w.l.o.g. to be the desired equilibrium point. If the plant is controllable, and one is able to compute such a contractive steering control, the above strategy can be always pursued. In this section, we shall prove a theorem that formalizes this simple idea. Consider the control system

ẋ(t) = f (x(t),u(t),t) , x(t_0) = x_0 ∈ B_0, (1)

where x(t) ∈ IR^n is the state, u(t) ∈ IR^m is the control, and B_0 = {x : ||x|| ≤ ρ} is an open ball around the origin. Assume that

f (0,0,t) = 0, ∀ t ∈ IR. (2)

Consider an indefinite sequence of time instan ts {t_k }, with t_{k+1} = t_k + T_{k+1} , and 0 < T_m ≤ T_{k+1} ≤ T_M < ∞ , for k = 0,1,2,.... For compactness, we shall write in the following x(t_k ) = x_k . On the generic time interval I_{k+1} = [t_k ,t_{k+1} ], let the steering control law be

u(t) = u_{k+1} (t) = α(x(t),x_k ,t),

with α(x(t),0,t) = 0, for all (x, t) ∈ IR^n × I_{k+1} . Throughout the paper, we shall take the following Assumption 1. The steering control function α guarantees that

|x_{k+1} | ≤ β |x_k | < |x_k |, ∀x_k ∈ B_0. (3) In the simplest version, the control law within each iteration will be specified in open-loop, i.e., it will be α = α(x_k ,t) only. In general, however, one may resort to a feedback control law. Let

ẋ = f̃ (x(t),x_k ,t) = f (x(t),α(x(t),x_k ,t),t), t ∈ I_{k+1} , (4) be the closed-loop dynamics of (1) in the (k + 1)-th interval I_{k+1} . A basic result is established below.

Lemma 1 Assume that f and u are such that the solution φ (t, u, x_0,t_0) of eq. (1) exists and is unique. Then:

1. x = 0 is a geometric ally stable equilibrium point of the discrete-time system

x_{k+1} = φ (t_{k+1} ,u_{k+1} ,x_k ,t_k ). (5) 2. The state of the continuous-time system (1) asymptotic ally converges to zero.

Pro of 1. As u_{k+1} (t) = α(x(t),x_k ,t) and α(x(t),0,t) = 0, it is u_{k+1} (t) = 0 if x_k = 0. Moreover, by eq. (2) one has φ (t_{k+1} ,0,0,t_k ) = 0, so that x = 0 is an equilibrium point of system (5). Its geometric stabilit y is established by noting that, as β < 1,

|x_{k+1} | ≤ β|x_k | ≤ β^k |x_0|, (6)

which shows that |x_k | → 0 as k → ∞ . 2. The existence and uniqueness hypothesis guarantees that the solution φ (t, u, x_0,t_0) of eq. (1) is continuous w.r.t. (t, x_0,t_0). Hence, the function

φ̃ (t, x_0,t_0) = φ (t, u, x_0,t_0), φ̃ (t, 0,t_0) = 0,

is continuous w.r.t. x_0 for any t and t_0. In particular, one has lim_{x 0 → 0} φ̃ (t, x_0,t_0) = 0, ∀t, t_0.

The continuity of φ (t, u, x_0,t_0) implies the continuity of φ̃ (t, x_0,t_0), thus being a sufficient condition. For conditions on f̃ such that φ is continuous, see classical results on differen tial equations, e.g. [9, Sect. I.3].

As the curren t initial condition x_k approac hes the origin, one would like the state to converge to zero at an exponential rate. We now establish conditions on the closed-loop dynamics f̃ so as to achieve this behavior.

Theorem 1 Suppose that the following estimate holds: |f̃ (x, x_k ,t)| ≤ λ|x|+ μ(|x_k |), t ∈ I_{k+1} , x_k ∈ B_0, (7) with μ : IR^+ →IR^+ a continuous function at zero. Then, 1. x = 0 is an asymptotic ally stable equilibrium of the continuous-time system (1).

2. More stringently, if eq. (7) is satisfie d with μ(|x_k |) ≤ μ̄|x_k |^r , μ̄ > 0, r ≥ 0, (8) x = 0 is an exponential ly stable equilibrium of the continuous-time system (1).

Pro of 1. Being f̃ (x, x_k ,t) the closed-loop dynamics of system (1) within the k-th iteration, we have

x(t) = x_k +

∫_t

t_k

f̃ (x(τ),x_k ,τ)dτ, t ∈ I_{k+1} .

From this, we obtain

|x(t)| ≤ |x_k | +

∫_t

t_k

(λ|x(τ)| + μ(|x_k |)) dτ,

where eq. (7) has been used. By applying the generalized Gronwall inequalit y (e.g., see [9, p. 36]), one gets |x(t)| ≤ |x_k | + μ(|x_k |)(t − t_k ) + λ ∫_t

t_k ( |x_k | + μ(|x_k |)se^{λ(t− s)} ) ds = |x_k |e^{λ(t− t k )} + μ(|x_k |)(t − t_k ) +

μ(|x_k |) ( e^{λ(t− t k )} − 1 λ − (t − t_k ) ) , and finally

|x(t)| ≤ |x_k |e^{λ(t− t k )} + μ(|x_k |) e^{λ(t− t k )} − 1 λ . Since μ is continuous at zero and μ(0) = 0, the latter equation shows that, as x_k converges to zero, x(t) asymptotically converges to zero for all t. 2. From eq. (8) we get

|x(t)| ≤ |x_k |e^{λ(t k +1 − t k )} + μ(|x_k |) e^{λ(t k +1 − t k )} − 1 λ ≤ |x_k |e^{λ(t k +1 − t k )} + μ̄|x_k |^r e^{λ(t k +1 − t k )} − 1 λ , for t ∈ I_{k+1} . Hence,

|x_k | ≤ 1,r < 1 ⇒ |x(t)| ≤ θ_1|x_k |^r , |x_k | ≤ 1,r ≥ 1 ⇒ |x(t)| ≤ θ_2|x_k |, where θ_1 and θ_2 are bounded quantities whose expressions are easily obtained. Finally, eq. (6) yields |x_k | ≤ β^k x_0, and we conclude that

|x_k | ≤ 1,r < 1 ⇒ |x(t)| ≤ θ_1β^{kr} |x_0|^r , (9) |x_k | ≤ 1,r ≥ 1 ⇒ |x(t)| ≤ θ_2β^k |x_0|, (10) i.e., also x(t) converges exponentially to zero, with convergence rate r^{log β}_{TM} if r < 1 or^{log β}_{TM} if r ≥ 1.

Remark 1 Note that the Lipschitz condition w.r.t. x in eq. (7) is generally satisfied, while the continuity requirement w.r.t. x_k is specific to the proposed strategy . Remark 2 In the problem formulation, we have assumed that the duration T_{k+1} of the (k+ 1)-th iteration is not fixed, and may take values within [T_m ,T_M ]. In fact, as the curren t initial condition x_k approac hes the origin, a smaller time T will be sufficien t for achieving condition (3). Besides, only the upper bound T_M has influence on the convergence rate estimate. Remark 3 Note that the point x = 0 is not an equilibrium point of the continuous-time closed loop system, but only of the discrete-time system (5). In fact, once the control u_{k+1} (·) is applied from time t_k , the state may go through the origin without stopping.

3 Robustness analysis

Suppose the control system (1) is perturb ed as

ẏ(t) = f (y(t),u(t),t) + ϵg(y(t),u(t),t), (11)

being y the state of the perturb ed system. As before, existence and uniqueness of the solution of eq. (11) is assumed. During the (k + 1)-th iteration, the closedloop system (4) becomes

ẏ = f̃ (y(t),y_k ,t) + ϵg̃(y(t),y_k ,t), t ∈ I_{k+1} . (12)

We shall distinguish the perturbations between { persistent g̃(0,0,t) = 0 non-persistent g̃(0,0,t) ≠ 0.

For continuous-time dynamical systems, classic converse Lyapunov theorems can be used in order to show that exponential stabilit y of an equilibrium point guarantees complete rejection of small non-persisten t perturbations, while small persisten t perturbations give rise to limited errors [10, Th. 56.2 and 56.4]. Such a property is often referred to as total stability. Unfortunately, this kind of result does not apply in our case, for system (4) is not a dynamical system. In fact, the system state may converge to zero in finite time and thus backward uniqueness of the solution is not guaran teed. In addition, we are not dealing with a true equilibrium point of the continuous-time system (see Remark 3). However, a characterization similar to total stabilit y can be given for the continuous-time system (1). Before, we give a result valid for geometrically stable discrete-time systems—in particular, for system (5). The proof is immediate and left to the reader.

Lemma 2 Consider the system

ξ_{k+1} = ϕ(ξ_k ,k),

for which |ϕ(ξ_k ,k)| ≤ β|ξ_k |, β < 1, and the perturbed system

ξ_{k+1} = ϕ(ξ_k ,k) + γ(ξ_k ,k). (13)

1. Assume that the perturbation γ is non-persistent, and in particular satisfies the following estimate:

|γ(ξ_k ,k)| ≤ ϵ|ξ_k |^r , r ≥ 1. (14)

Then, the contraction (hence, the geometric stability) is locally preserved for sufficiently small ϵ (namely, for |ξ_k | ≤ 1 and ϵ< 1 − β).

2. If the perturbation is persistent and bounded as

|γ(ξ_k ,k)| ≤ ϵ,

ξ is ultimately confined to the ball

{ξ : |ξ| ≤ ϵ 1 − β }. Thus, in order to prove ultimate boundedness or complete rejection of the perturbation for the continuoustime system (4), it is necessary to establish conditions on f (x(t),u(t),t) and g(x(t),u(t),t) (or equivalently on f̃ (x(t),x_k ,t) and g̃(x(t),x_k ,t)) such that the corresponding perturbation on the discrete-time system (5) satisfies the appropriate hypotheses of Lemma 2.

Theorem 2 Assume that the iterative stabilization strategy is applied to the perturbed system (11) and that, for t ∈ I_{k+1} , x_k ∈ B_0, it is

|f̃ (x, x_k ,t)| ≤ λ|x| + μ̄|x_k |^r , μ̄ > 0, r ≥ 0, (15)

|g̃(x, x_k ,t)| ≤ λ̂|x| + μ̂(|x_k |), (16)

with μ̂ : IR^+ → IR^+ . Then, for sufficiently small ϵ:

1. The state of the perturbed system (11) is ultimately bounded.

2. More stringently, if

μ̂(|x_k |) ≤ μ̃|x_k |^r , r ≥ 1, (17)

the state of the perturbed system (11) locally exponential ly converges to zero.

Pro of 1. By virtue of condition (15), Theorem 1 applies (in particular, point 2), and we conclude that the solution of the unperturb ed system (1) is exponentially converging to zero: |x(t)| ≤ me^{− ht} |x_0|, with the actual expressions of m and h depending on the value of r (see eqs. (9–10)). For t ∈ I_{k+1} , we have x(t) = x^k +

∫_t

t_k

f̃ (x, x_k ,τ)dτ and

y(t) = x_k +

∫_t

t_k (

f̃ (y,x_k ,τ)+ ϵg̃(y,x_k ,τ))dτ, with y(t) ∈ B_0 for sufficien tly small ϵ. Letting d(t)= y(t)− x(t), it is |d(t)| ≤

∫_t

t_k ( λ|d(τ)| + ϵλ̂|y| + ϵμ̂(|y_k |) ) dτ. Being

|y(t)| ≤ |d(t)| + |x(t)| ≤ |d(t)| + me^{− ht} |x_0|, one has

|d(t)| ≤

∫_t

t_k ( λ|d(τ)| + ϵλ̂(|d(τ)|+

m^′e^{− h(τ− t k )}|x_k |) + ϵμ̂(|x_k |) ) dτ, with m^′ = m|x_0|/|x_k |. Hence

|d(t)| ≤

∫_t

t_k ( (λ + ϵλ̂)|d(τ)|+

ϵ(λ̂m^′e^{− h(τ− t k )}|x_k |) + μ̂(|x_k |)) ) dτ, = (λ + ϵλ̂)

∫_t

t_k

|d(τ)|dτ + ϵ ( λ̂m^′|x_k |1 − e^{− h(t− t k )} h + μ̂(|x_k |)(t − t_k ) ) , and by using the generalized Gronwall inequalit y

|d(t)| ≤ ϵ ( λ̂m^′|x_k |1 − e^{− h(t− t k )} h + μ̂(|x_k |)(t − t_k ) ) + ϵ(λ + ϵλ̂) ·

∫_t

t_k ( λ̂m^′|x_k |1 − e^{− h(s− t k )} h + μ̂(|x_k |)(s − t_k )e^{(λ+ ϵλ̂)( t− (s− t k ))} ) ds, (18)

showing that the perturbation is arbitrarily small at a finite time t ∈ I_{k+1} . Thus, Lemma 2 indicates that the state of the perturb ed system (5) is ultimately bounded. Due to the continuity of system (13) w.r.t. y_k , also its state is ultimately bounded. 2. If the additional condition (17) holds, eq. (18) yields directly an estimate in the form (14) for the perturbation of the discrete-time system. Therefore, Lemma 2 indicates that exponential convergence is preserved for the continuous-time system (13). Remark 4 In condition (16), μ̂(·) may also be a constan t, thus covering the persistent perturbation case.

4 Application to chained-form systems In principle, the controllabilit y assumption guaran tees that a steering control exists for system (1), so that our proposed strategy is always applicable. In practice, however, an effective metho d for computing the steering control within each iteration must be available. In this section, we shall consider a particular class of systems for which a steering control can be computed with a reasonable effort, namely driftless controllable systems that can be put in chained form, and present an application to the case of a wheeled mobile cart. Consider the driftless control system ẋ_1 = u_1 ẋ_2 = u_2 ẋ_3 = x_2u_1 (19) . . ẋ_n = x_{n − 1}u_1, with 2 inputs and n states. System (19) is called a (2,n) chained form [11]. The controllabilit y rank condition [12] is readily verified by using the two input vector fields, and their repeated Lie brackets. Murra y [13] has established conditions for converting a two-input driftless system in chained form by means of a feedback transformation. In particular, controllable driftless systems with two inputs and n ≤ 4 state variables can always be put in chained form. Among the available techniques for open-loop control of chained systems, we cite sinusoidal steering [11], piecewise-constan t inputs [14, 15], and mixed piecewise-constan t/p olynomial inputs [16]. Hereafter, we show how to design a simple open-loop control that satisfies the hypotheses of Theorems 1 and 2. 4.1 The (2,3) chained form Consider the chained-form system (19) with n = 3, and let x(t_0) = x_0 = (x_{10} ,x_{20} ,x_{30} ) and t_0 = 0. Let

u_1 = { − ψ − 2x_{10} , t ∈ [0,1/2], ψ, t ∈ [1/2,1], (20)

u_2 = { 0, t ∈ [0,1/2], c_1 + c_2 (t − 1/2) , t ∈ [1/2,1], (21) with ψ, c_1 and c_2 constan t values to be determined as a function of the initial conditions. In particular, it must be u_1 = u_2 = 0 for x_0 = 0. By forward integration, it is easily verified that

x_1(1) = x_{10} − ψ + 2x_{10} 2 + ψ 2 = 0, and x_2(t) = x_{20} + c_1 ( t − 1 2 ) + c_2 2 ( t − 1 2 )_2

, t ∈ [1/2,1].

Imposing x_2(1) = 0, one obtains

c_1 = − ( 2x_{20} + c_2 4 ) . (22)

Similarly, it is

x_3 ( 1 2 ) = x_{30} − (ψ + 2x_{10} ) x_{20} 2 , and x_3(1) = x_3 ( 1 2 ) + ψ ( x_{20} 2 + c_1 8 + c_2 48 ) . Finally, imposing x_3(1) = 0 we get

c_2 = 96 ψ ( x_{30} − x_{10} x_{20} − x_{20} ψ 4 ) . (23)

At this point, it is necessary to choose the expression of ψ so as to satisfy condition (8). Letting

ψ(x_0) = ||x_0||^{11+ κ} , κ > 0, (24)

one obtains a continuous function at zero such that ψ(0) = 0, and guaran tees the same properties for c_1 and c_2 as given by eqs. (22) and (23), respectively.

Therefore, Theorem 1 guaran tees that the (2,3) chained form is exponentially stable under iterativ e application of the above open-loop controller. Moreover, Theorem 2 indicates that sufficien tly small nonpersisten t perturbations satisfying (17) are rejected, while persisten t perturbations produce limited errors.

4.2 Case study: Unicycle

Many types of mobile robots with multiple wheels have a kinematic model equivalent to that of a unicycle (see Fig. 1). The generalized coordinates are (p_x ,p_y,θ,ϕ), where (p_x ,p_y) are the Cartesian coordinates of the ideal contact point, θ is the orientation of the vehicle with respect to the x axis and ϕ is the angular position of the wheel. Without loss of generalit y, we shall assume that the radius of the wheel is r = 1. The kinematic equations of the system are

ṗ_x ṗ_y θ̇ ϕ̇ = cosθ sin θ 0 1 v^1 + 0 0 1 0 v^2, (25)

where v_1 is the angular velocity of the wheel (driving velocity) and v_2 is the steering velocity input. If the wheel angular position is not of interest, the mobile robot configuration vector is q = (p_x ,p_y,θ), and the kinematic model is given by the first three rows of eq. (25). The resulting system is put in (2,3) chained form by using the change of coordinates

x_1 = θ x_2 = p_x cosθ + p_y sin θ x_3 = p_x sin θ − p_y cosθ,

together with the input transformation v = [ x_3 1 1 0 ] u. In order to test the robustness of the proposed stabilization strategy , we have introduced a perturbation on the wheel radius, whose value is assumed to be 1+ Δ r. One may easily verify that, with the above change ofcoordinates and input transformation, the (2,3) chained form is perturb ed as

ẋ_1 = u_1 ẋ_2 = u_2 + Δ r ·x_3u_1 ẋ_3 = x_2u_1.

Figure 1: Generalized coordinates for the unicycle

Figure 2: Error norm vs. time and Cartesian motion

Conditions (16) and (17) are satisfied with μ̂(|x_k |) ≡ 0, showing that the perturbation is non-persisten t. Thus, the iterativ e controller of Sect. 4.1 designed on the nominal system (i.e., for Δ r = 0) guaran tees robust exponential stabilit y, for sufficien tly small Δ r. The simulation results reported in Fig. 2 are in accordance with this expectation. Here, the robot must move from (1,2,π/4) to (0,0,0). The control law is given by eqs. (20) and (21), having set κ = 1 in eq. (24). A 20 % perturbation on the wheel radius was included in simulation. The logarithmic plot of the squared error norm after eight iterations shows the exponential convergence rate. Note also the quite natural cartesian motion of the unicycle.

4.3 Extension to the (2,n) chained form

We shall now outline the extension of the iterativ e steering technique of Sect. 4.1 to the case of the (2,n) chained-form system (19). Let u_1 = { − ψ − 2x_{10} , t ∈ [0,1/2], ψ, t ∈ [1/2,1],

u_2 = { 0, t ∈ [0,1/2], c_1 + ... + c_{n − 1} ( t −^1_2

)_{n − 2} , t ∈ [1/2,1],

with ψ, c_1,...,c_{n − 1} constan t values to be determined as a function of the initial conditions. As before, it must be u_1 = u_2 = 0 for x_0 = 0. As in Sect. 4.1, by performing the forward integration of the dynamic equations and imposing the final desired conditions one obtains

c_{n − 1} = 1 ψ (a_{n − 1}(x_0) + b_{n − 1}(x_0,ψ)) ,

in which a_{n − 1}(x_0) collects pure polynomial terms in x_{10} ,...,x_{n 0} while b_{n − 1}(x_0,ψ) accounts for product terms containing ψ and x_{10} ,...,x_{n 0} (e.g., see (23)). Similarly, we get

c_{n − 2} = 1 ψ (a_{n − 2}(x_0) + b_{n − 2}(x_0,ψ)) + h_{n − 2}c_{n − 1},

with h_{n − 2} a constan t coefficien t. Substituting the expression of c_{n − 1} in the latter equation, we have

c_{n − 2} = 1 ψ ( a^′_{n − 2}(x_0) + b^′_{n − 2}(x_0,ψ) )

with obvious meaning of the symbols a^′_{n − 2}(x_0) and b^′_{n − 2}(x_0,ψ). Repeating this procedure for the other control coefficien ts, we finally obtain

c_1 = 1 ψ (a^′_1(x_0) + b^′_1(x_0,ψ)) .

At this point, it is necessary to choose the expression of ψ so as to satisfy condition (8). Any continuous function ψ such that

ψ(x_0) = o((a^′_1(x_0) + b^′_1(x_0,ψ)) ,

is feasible, for one obtains ψ(0) = 0 and guaran tees the same properties for c_1,...,c_{n − 2}. In particular, the stabilization strategy obtained by the iterated application of this open-loop controller shares the same robustness properties of the (2,3) case.

5 Conclusions

We have presented a general approac h for the robust stabilization of controllable systems. The main ingredient is an open-loop control that steers the system closer to the desired equilibrium point x_d in a finite time T. Whenever the computation of such control is viable, its iterated application (i.e., from the state attained at the end of the previous iteration) yields exponential convergence to x_d under the assumption that the open-loop control is continuous with respect to the initial conditions. The resulting stabilization scheme can reject small non-persisten t perturbations, while small persisten t perturbations induce limited errors. For illustration, we have applied the proposed metho d to chained-form systems, a particular class of driftless controllable systems, and presented simulation results for a unicycle.

References

[1] R. W. Brockett, “Asymptotic stabilit y and feedback stabilization,” in Differ ential Geometric Contr ol Theory, R. W. Brockett, R. S. Millmann and H. J. Sussmann (Eds.), Birkh¨auser, Boston, pp. 181–191, 1983.

[2] J.-B. Pomet, “Explicit design of time-varying stabilizing control laws for a class of controllable systems without drift,” Systems and Contr ol Letters , vol. 18, pp. 147–158, 1992.

[3] C. Samson, “Time-v arying feedback stabilization of a car-like wheeled mobile robot,” Int. J. of Robotics Research, vol. 12, no. 1, pp. 55–64, 1993.

[4] C. Canudas de Wit and O. J. Sørdalen, “Exp onential stabilization of mobile robots with nonholonomic constrain ts,” IEEE Trans. on Automatic Contr ol, vol. 37, pp. 1791–1797, 1992.

[5] O.J. Sørdalen, “F eedback control of nonholonomic mobile robots,” Ph.D. Thesis, The Norwegian Institute of Technology, Trondheim, 1993.

[6] I. V. Kolmanovsky, M. Reyhanoglu, and N. H. Mc- Clamro ch, “Discon tinuous feedback stabilization of nonholonomic systems in extended power form,” 33rd IEEE Conf. on Decision and Control, Lake Buena Vista, FL, pp. 3469–3474, 1994.

[7] H. Hermes, “On the synthesis of a stabilizing feedback via Lie algebraic metho ds,” SIAM J. on Control and Optimization , vol. 18, pp. 352–361, 1980.

[8] D. Q. Mayne and A. Michalska, “Receding horizon control of nonlinear systems,” IEEE Trans. on Automatic Contr ol, vol. 35, pp. 814–824, 1990.

[9] J. K. Hale, Ordinary Differ ential Equations , Krieger, Malabar, 1980.

[10] W. Hahn, Stability of Motion. Springer-Verlag, 1967.

[11] R. M. Murra y and S. S. Sastry, “Nonholonomic motion planning: Steering using sinusoids,” IEEE Trans. on Automatic Contr ol, vol. 38, pp. 700–716, 1993.

[12] A. Isidori, Nonlinear Contr ol Systems. Springer- Verlag, 1995.

[13] R. M. Murra y, “Con trol of nonholonomic systems using chained forms,” Fields Institute Communications , vol. 1, pp. 219–245, 1993.

[14] S. Monaco and D. Normand-Cyrot, “An introduction to motion planning under multirate digital control,” 31st IEEE Conf. on Decision and Control, Tucson, AZ, pp. 1780–1785, 1992.

[15] G. Lafferriere and H. J. Sussmann, “Motion planning for controllable systems without drift,” 1991 IEEE Int. Conf. on Robotics and Automation , Sacramen to, CA, pp. 1148–1153, 1991.

[16] D. Tilbury , R. M. Murra y, and S. S. Sastry, Trajectory generation for the N-trailer problem using Goursat normal form, Memo. UCB/ERL M93/12, University of California at Berkeley, Feb. 1993.