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Abstract. A lightweight robot has been built with hhe 
aim of testing advanced control algorillinis arid demon- 
s th t ing  the engineering feasibility of flexible arm control. 
The robot is a planar two-link manipulator, wi1li revolrrte 
joints and a very Aexible forearm. A description of this 
laboratory facility is given, including inecliaiiical structure, 
actuators and sensors, and interface clc.ct,ronics. -4 iionlin- 
ear dynamic model of the robot is given, in wliicli link de- 
flection is expressed in t e r m  of orthonormal riiocle shryes 
of the associated eigenvalue problem. Simple control al- 
gorithms a,re presented, which are cornposecl of a model- 
based feedforward term plus a linear fecd1,ack. ? ' h e  cow 
trollers have been implement.cd for joint traject,ory track- 
ing and comparative experimental results are report,etl a l 7 d  

discussed. 

Iiitrodiic tion 

An on-going project at t'he R.obot.ics ; i t id Coiit,rol ILabo- 
ratory in  our Department is conccrii~~d \vit,li  t hc ir~otlcl- 
ing and control issues of flcsiblr rol>ot,s. Tlie int.erest, i n  
flexible arms is niotivat,ed by the pot(:iif,ial uclvnnt,agc:s of 
lightweight stxuctures over coiiveiit.ional ones, i i i  t.crins of 
payload-to-mass rat,io, speed of mobion, or po\wr reqiiirctl 
to accomplish a given task. 

Several modeling issues are invo1vc.d in tlic analysis of 
these robot,ic systems, ranging from the fiiiite-diinensio~~nl 
approximation of link flexibilit,y [I] t,o t lie t,re;rt.nient, of 
nonlinear interactions in t,lie coupled rigicl/flcsibIe clynam- 
ics. General formalisms have been introducecl, e.g. i t i  [ 2 ] ,  
to derive the Lagrangian dyn;l.mics of mult.i-lin1; Ilesible 
robots. 

As for t,he control problem, point-to-poilit regul~ition 
was initially a.ddressed, wit,ll t lie requireinetit of a r m  vibrii- 
t.ion da.mping. In the more clta.llenging problctn of trajec- 
t,ory tracking, a critical sit,iiat,ion is encountered whcn t,lie 
coiit,rolled output is the end-effector posit,ioii. Even i i i  onc- 
link flexible arms, where linear dyn;~n~ic  models are ap-  
propriate [3], standard inversion t,echniqiics aimcd at, out.- 
put trajectory reproduction ftLi1, clue to t,lie ~ion-miniiniii~~ 
phase nature of the tra,nsfer funct.io~t fronr joint, t,orcpc to 
tip position. A similar dilXcult.y is prescnt. wlic.n \vork- 
ing with the full nonlinear dyiiainics of i ~ ~ ~ ~ l t ~ i - l i i ~ l ~  ~ I ~ I I I S ,  

clue to tlie presence of an iinst,ablc zc'ro tlyiiaiiiics: [ill. I n  
tlie attempt of achieving exact, tracliing via iiivc:rsion, 1111- 

bounded state trajectories are gencrat,etl i i i  t,lie closed-loop 
system, which result in  est.rcme l i i i l i  ticforinat ions a n d  
overwhelming torque dema.nd. Therefore, tlifl'eren t, coilt.rol 
approaches are needed, based on nonlinear rcgiilat ion [5] 
or stable inversion i n  the frequency tloinain [GI. 

On t.he other Iiand, t>racl;ing of' joint t'roj(>ctories can 
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always be obtained in a stable fashion, even in the pres- 
ence of link flexibility. Thus, before considering the more 
complex design of accurate trajectory controllers for the 
end-effector mot,ion, control performance of a joint-based 
st.rategy should be carefully evaluated. 

In any case, the complexity of the modeling and con- 
trol problem asks for an adequate experimental verifica- 
tion. To this aim, we have designed and built a two-link 
planar robot, wit,h a very flexible forearm, which is now 
available for cont,rol experiments. This choice was moti- 
vated by the desire of liniiting the system complexity, yet 
including most of the relevant nonlinear and interacting 
effects. Similar research manipulators, for which explicit 
dynamic models have been derived, are considered in [7- 

In this paper the overall robotic system will be de- 
scribed, pointing out t'he peculiarities of the mechanical 
design, of the optical device for l ink deflection sensing, 
and  of the chosen a.ct,uators and coinput,er control inter- 
faces. A nonlinear dynamic model of the flexible robot 
is given, which was used for siiniilation and control syn- 
thesis purposes. Simple control algorithms are presented, 
consisting of a model-based feedforward t.erm plus a linear 
fectlba.ck. A coninion characteristic of these controllers 
is t,lia.t8 t,liey require the nieasure of joint variables only. 
 experiment.^ are reported t,o evaluate the considered con- 
t'rol laws, and the obtained results validat'e the proposed 
dynamic model. The end-effector performance of these 
joint-based controllers provides also a quantitative basis 
for comparison with more complex control algorit.hms. 
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8 - Second link (flexible) 
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Fig. 1 - Tlie two-link flexible robot arm 



Description of the Robot ic  System 

A brief but comprehensive descriptio11 of the laboratory 
facility is given in this section. For more details, the reader 
is referred to [ll]. 
0 Mechanical structure 
Tlie robot arm is a planar mechanism constituted by two 
links, respectively 0.3 m and 0.7 m long, connected by rev- 
olute joints, and mounted on a fixed horizontal basement 
as sketched in Fig. 1. The upper liiik is an aluminu~n 
pipe of 100 mm diameter and 5 nim wall thickness. and is 
very stiff with respect to the forearm. Tlie second link has 
an overall weight of 1.8 kg and a more peculiar structure 
(Fig. 2). 

I- hinge t 
Fig. 2 - The flexible forearm and a secbioii frame 

Two parallel sheets of harmonic stecl, i o  m m  large and 
1 mtn thick, are mounted so t.0 const,itut.e thc l ink  sides. 
The s11eet.s are coupled by tnc;ins of nine equispa.ced rigid 
aluminum frames, ea.ch having a circular liole drilled i n  
the center. Tlie square frames, 70 x 70 in i l l ,  Ilil\re a ‘snnd- 
wicli’ structure, wit,h two ext,eriial 4 nun thick aluininuin 
layers a.nd an iiiterilal neoprene layer of I 111111. l‘o enable 
rela.tivc displacements of t,he t,wo sheet,s, Iiingc-like con- 
nections are obt,a.ined by cut.t,ing t . 1 ~  external Ii>yers of t,he 
frames for 1 mm, while preserving t,he internal ~~coprcne  
continuity. As a result, t.he forea.rm is vcry flcsiblc i n  tlic 
horizontal plane of molion, but. relntively stiff in  t.lie ver- 
tical plane and with respect to torsion. III  fact., wlien the 
flexible forearm is clamped at  tlie base, the first lmiding 
cigeiifrequency in the horizontal plane is ahout 1 TI%, wliile 
both vertical beiiding and t,orsional ~ C S O I I ~ I I C ( ~ S  a.re aliove 
80 1 1 ~ .  All parts of t,he robot were tlcsigiied so t,o bc rigid 
compared to the flexible l ink.  For inst,ance, the supporting 
legs have a high stiffness in  bot.11 tlie flesural a ~ i c l  torsional 
iiiocles. Whenever possible, moving pa.rts liave been made 
of alti~ninum so to reduce inert,ia moment,s. 
0 Actuators 
The a.rm is actuated by two d.c. niot.ors locat,etl at. the 
joints, in a direct-drive arrangement. No gear-boscs are 
used to couple the motors t.o (.lie links, as tlicy woiiltl in- 
t,roduce in the system undesired effect.s like biicl<l>lsh, fric- 
tion a.nd joint elasticity. The first, niot.or (CliTt,on Precision 

DII-4000-AL-1) delivers a continuous torque of 2.8 Nm and 
a peak torque of 18.8 Nm, for a total weight of 5.6 kg. 
The second motor (DH-4000-AB-1) provides a continuous 
torque of 1 Nm and a peak torque of 7.7 Nm. Its weight, 
3.1 kg, is easily carried by the first rigid link. Both motors 
are equipped with a 5000 pulses/turn incremental encoder 
and afour poles d.c. tachometer, making joint position and 
velocity available for feedback. To improve damping prop- 
erties of arm dynamics, an analog velocity loop is directly 
closed at the power amplifier level around both joints. 
0 Optical transducer 
Deflection of t,he forearm is measured at  three different 
points along the link by means of an on-board optical 
transducer, a complete description of which is given in [12]. 
Tlie geometric scheme in Fig. 3 illustrates the working 
principle for one point. A light source S mounted on the 
link, whose angular position B will be measured, illumi- 
nates a mirror n/ f  located at  the link base and rotating at 
speed w.  The mirror focuses the light beam on the fixed 
detector D only when the angular position y with respect 
to the mirror normal n equals 6 / 2 .  Angle y is obtained 
reading ‘on tlie fly’ the encoder pulse counting when the 
detector is illuminated. The transducer accuracy is 0.5’, 
its repeatability is while the measuring sampling time 
(wliicli is rclated t,o w )  is 5 msec. Note that full measure- 
ment capaldities are preserved around the 360’ of allowed 
link rotation. 

f D  

Fig. 3 - Geometric scheme for the optical transducer 

e Interface electronics 
To interface the robot with a control computer, custom 
electronics has beeii designed and realized. The configura- 
tion of the system is shown in the block diagram of Fig. 4. 
All  modules are linked to a bi-directional 32-bit bus, with 
16 hits used for d a b  and the rest devoted to  addressing 
modules an (1 to 11 an d-shake fuiic t ions. Sign a1 condition- 
ing, A/D and D / h  conversions are performed at the lower 
level of the architecture. For each joint, the encoder out- 
put is processed by a circuit which detects t8he rotating 
direction and improves the angular resolution by a fac- 
tor of four, resulting in 20000 pulses/turn. The output 
of this stage drives an UP/DOWN counter that gives ab- 
solute readings. The d.c. tachometer output is converted 
into a 12-hit digital value, aft,er filtering high frequency 
noise over 500 112. Each motor module consists of a 12-bit 
D/A converter, followed by an adjust,able gain differential 
aiiiplificr and hy a power current amplifier supplying the 
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motor. A specific board provides thr interfacc bctween the 
internal bus and tlie control conipii ter, which is equipped 
with a standard digital input-output card.  At  prescnt, the 
high-level computer is an IBM-AT running C programs 
under MS-DOS. 

IBM AT 

INTERFACE BOARD 

Light Emitting 
Sources 

Fig. 4 - Block diagram of tlie overall rollotic systc,ni 

The main feature of this structure IS its ease of use, allow- 
ing to execute simple control l a w  with sanil)litig tinies of 
the order of 5 msec. For inore coinples algoritiiins and/or 
for faster sampling rates, a multi-micro architecture with 
DSP units is also available. 

Dyiiaiiiic Modcl of tlic Arm 

A nonlincar dynamic model of' (lie two-link a rn i  lias lxen 
derived following a Lagrangiaii approacli. Sni~ill tlefornin- 
tions are assumed for the forcarin, lcacling to a liiiear dy- 
namics of the flexible part, so that the main iionliiiearitics 
in the inodcl arise from tlie rigid body ii i tcvnct io113 1)rtivecii 
tlie two links. 

To coinpute the low frequency inotlcs, tlic I'orenrin 
link is considered as an Eulcr-Bcrnoiilli beam of Icngth 
e,, uniform density p ,  and constant clast,ic propert ics E I .  
J\5th reference to Fig. 5, for a l i i i k  point E [U, fz], W ( L ,  1) 
is the bending deflection measurecl froiii the u i a  p,issing 
tlirough the ccnter of rotation of'jotnl ? aiitl ( t i ( ,  ccntcr of 

mass of tlie forea.rm. Accordingly, 82 is the angle between 
this same axis a.nd the first rigid link axis. 

Fig. 5 - Definition of robot arni variables 

Considering t8he slewing nat.ure of the forearm, deforma- 
tion eigenfunctions have been obtained in [13]. The sec- 
ond joint inoinent of inertia Jo2 and the payload mass Mp 
and iiioinent of inertia Jp are explicitly included in the 
1)oundary conditions associated to tlie partial differential 
equation for w(z,t). An approximation of order n of the 
liiik dcflection can be expressed as 

with the time-varying coordinates 6j(t) associated to the 
inodc shapes 

(2) 
@i(x) = Clj  sin(p,z) + C2,i COS(,&Z) 

+ C3,i sinh(Piz) + C4,i cosh(P;z). 

The coeficicnts C's are deterniined, up to a scaling factor 
wliicli is chosen through norinalizatioii, from the imposed 
boundary conditions. The values pi are numerically ob- 
tained as the first, n roots of tlie cliaracteristic equation [13] 

where s = sin(/?i!'z), c = cos(/3iiez), sh = sinh(&&), and 
ch = cosli(pil2). The natural angular frequencies wi  of the 
flexible link are related to /?i through # = pu;/EI.  

Starting from this analysis, tlie Lagrangian dynamics 
of'tlie two-link robot) is derived in the standard way as 

I3(q)ii + c(q, 4) + Kq + D i  = Gu, (4) 

wIiere q = (01 , 02~61,. . . , b , l )  E R"+~,  and wit11 positive 
dcfinite symmetzic inertia matrix I3, Coriolis and cen- 
tripctal t,crms c, and elasticity matris K. Joint viscous 
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friction and modal damping cocficiellt,s are arranged on 
the diagonal of D, while input matrix G transforms ino- 
tor torques U into generalized forces performiq work on q. 
To express the single dynamic terms ill (4),  the followillg 
notation will be used 

and 

Since the eigenfunctions &(z) automatically sat ibfy proper 
orthonormality conditions, relevant sinlplifications arise in  
the dynalnic model. 

For control design purposes, we will consider only two 
niodes of deformation, so that <I = (Bl,Os,61,6?) E EL4. 
Neglecting in the kinetic energy of the system ternis wliich 
are quadratic or higher order ill the deforn~at io~~ variables 
6, yields the inertia matrix 

with elements 

in which 

wliere, in  addition to previous definitions, e,  1s the Ic~ngth 
of liiik i ,  Adt and Mot are the mass of linl; i and of joint 
i (actuator and hub), J ,  and Jot are their moments of 
inertia referred to the respective center of mass, and (1, is 
the distance of the center of 11ia.s~ of l i i i k  i fro111 joint asis 
i .  The components of the Coriolis and centripetal force 
vector c(q.q) are: 

The input matrix takes the form 

while the elasticity matrix becomes 

Also, modal damping is included by specifying 

where the first zeros on the diagonal of D are due to the 
fact that the low friction at, the joints is neglected. The 
above explicit expressions can be generalized t o  the case of 
n > 2 niodes in a straightforwa.rd way. The flexible robot 
a rm is characterized by the following data: 

el = 0.3 in 
&z, = 0.7m 

g!li0 = 5.74 
&, = 11.64 

JITol = 0.447kg m2 
JZTot  = 0.303 kg in2 

w1 = 4.716 . 2 n  radlsec-' 
w3 = 14.395 S2n radlsec-' 

J~~ = 6.35 . kg in2 C l  = 0.07 

AI, = J p  = 0 C2 = 0.03 
I t l  = 0.336 kg m3 
I?? = 0.12Gkg 1 1 1 ~  

d l e  = -1.446 m 
= 1.369 in 

I t 3  = 0.195kg m2 (12) 

The accuracy of t,he flexible part of the model has been ex- 
periment,aIIy validated up t,o eight modes, using acceleromn- 
ctcrs mount,ed on the arm to obtain deflection informa- 
tioii [11,13]. 

Furt,licr useful relationships are 

expressing t,he angular position measured by the encoders 
a t  the joints, and 

. 

which is the t,ip denection of the forearm, as measured 
by the opt,ical sensor. Other similar measurements are 
available at one third and two third of the link length. 

Control Algorithms 

The siniplest controller for tracking a joint trajectory Od(i) 
is a prol'ortional-derivative (PD) law on the error 
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The above gain matrices are usually chosen diagonal so 
to obtain a decentralized law. Since gravity forces do not 
affect arm motion, all joint positions with zero deflection 
are equilibrium points of the open-loop system. Classic ar- 
guments show that any constant 0 ,  is niadc exponentially 
stable by (15). This result liolds in the continuous time for 
any positive definite Kp and K D .  However, instabilities 
inay instead occurr with a pure digital control iinplcmen- 
tation of (15). Therefore, an analog velocity feedback 1i.a 
been permanently included at  the robot joints, i.e. -KDO,. 
Tlien, the digital part of the PD control is comput.ed as 

and the actual applied torque input, is u p g  =uI,cf - KuO,. 
This remark extends to all next, cases. 

Tracking accuracy can be improved ivit,Ii the adclition 
of a feedforward term that achieves iiomiiid compensa- 
tion of dynamic nonlinearit ies aut1 interactmioils. Different 
alternatives are possible, based either on a part or on the 
whole available model. These controllers will all he de- 
noted as computed torque (Cr-) laws, motivntcd by the 
similar approach in the rigid robot case. 

As a first choice, a diagonal inerlia inatris (CTD) is 
used to feedforward the desired acceltmt ioii 

where only tlie constant rigid tcrms are inclutlcd. This 
preserves the decentralized structiire of' the control. 

On demanding trajectories in  the n ~ i ~ l t i - l i ~ ~ k  case, con- 
trollers (15) and (17) are expected to  produce relatively 
large joint errors. Full conipensatioli of the rigid body 
interactioiis (CTR) is then introduced with 

w here 

l'liis control law nominally cancels the rclevniit non1int:ar 
interactions, and relieson a n  accurate ebtinrate of tlic three 
model parameters J l ~ ~ l ,  J Z T ~ ~ ,  ant1 113. The saiiie sclicme 
could also be implemented in ix closecl-loop arrangcinent, 
leading to a non!inear controller wit11 fcetlback froin (lie 
partial state (e ,  0 )  of the arm. 

A final iniprovernent of joint error is obtained by tak-  
ing into account the full dynainic iuodel. Tlien, thr control 
law can be computed by invcrting the I>lilnt at tlic joiiit 
levcl (CTJ). For this, the dynamics is conveiiicnlly mvrit4- 
ten using O , ,  defined in (U), i n  place oT f': 

It is easy to  see that, K, = IC, D, = D, and G ,  = [I O]', 
so tliat equation (20) can be part.il.ionet1 as 

~ 
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Once B, = O d ( t )  is assigned, vector equation (21b) can be 
integrated off-line with zero initrial conditions for 6 and 
6. This produces a bounded solution for the deformation 
variables 6, being the zero dynamics of the system expo- 
nentially stable when the output is the joint angular po- 
sition [4]. The obtained solution 5 = 6 d ( t )  is substituted 
i n  (21a) to provide the torque required for reproducing 
exactly the desired joint trajectory on the nominal model. 
Tlie CTJ control law is then defined as 

We finally remark that all the above control laws do 
not need the measure of link deflection. 

Experiineiital results 

The cont.ro1 laws int,roduced in the previous section have 
all been implemented using the same software structure. 
Joint reference values and off-line computed feedforward 
t,erms are loaded in the computer RAM, while on-line mea- 
surement,s coming from the arm are stored in a separate 
buner and transferred to mass memory at the end of the 
esperinient for post-processing. The control experiments 
were conducted at 5 nisec sampling time. 

Thc joint trajectory to be tracked was assumed of the 
bang-bang acceleration type, with zero initial and final 
velocity, and specified as 

(23) 
with 

ancl, as a consequence, Bd?(T /2 )  = ~ / 2 .  The total travel- 
ing time is T = 4 scc, chosen so to avoid actuator satura- 
tion. Tlie peak velocities of the two joints are in this case 
00' sec-' and ISO' sec-' respectively, and with this tra- 
jectory tlie nonlinear dynamic couplings between the two 
links arc quite relevant. 

Comparative error resultss are reported in Figs. 6-9 for 
joiiit 1 (continuous line) and 2 (dashed line). Figures 10- 
13 recollcct actual versus desired (dashed) joint trajecto- 
ries. Tlie following diagonal gains were selected for the PD 
controller: 

(25) 
k p l  = 11.5 Nm/ra.d, 
k p 2  = G Nni/ra.d, 

k ~ 1  = 2 Nni.sec/rad, 
k ~ 2  = 0.8 Nm.sec/rad. 

These gains are held constant tlirough all the experiments, 
for comparison purposes. The maximum error obtained 
wit11 PD control is about 15' for both joints (Fig. S). The 
joint angular positions practically converge to the final de- 
sired ones wit,liin 7 sec, with elastic vibrations damped out 



by the dissipation in the structure and by the action of 
joint velocity feedback. 

Use of CTD control improves the overall tracking (see 
Fig l l ) ,  in particular of joint 2, although the peak errors 
in Fig. 7 remain quite large. Viceversa, nominal compen- 
sation of all rigid interactions (CTR) considerably lowers 
the maximum error to about 4’ on both joints (Fig. 8). 
TIiis suggests that estimated parameters used in this con- 
trol law are sufficiently accurate. A further slight iinprove- 
ment is obtained with CTJ control, with the error on the 
first joint approximately halved (Fig. 9). The rcsidual er- 
rors with respect to the theoretically zero value iiidicate 
some discrepancy between the model and tlic real system. 

The applied torques for the four techniques are shown 
in Figs, 14-17. The control effort is of the same order in 
all cases, in the face of a better tracking accuracy for the 
more complete control laws. The I‘D torques are very 
smooth, mimicking the behavior of springs and dampers. 
In the CTD and CTR cases, feedforward terms introduce 
jumps in the torques in correspondence to the accelcra- 
tion discontinuities. Smoothness is recovered in the CTJ 
results due to tlie superposition of the arm flcxible mo- 
tion, which in turn causes an oscillatory torquc profile. 
J n  particular, the torque oscillation after 4 sec (Fig. 17) 
counteracts the back-effects of link vibration on the joint, 
so to keep it at the final desired position. The main fre- 
quency of this oscillation is about 1 IIz and correspontls to 
the first claiiiped frequency of the flesible l ink.  Kote that 
tlie two torques become equal when tlic arm has reached 
the final configuration (e,? = -a/2). In fact, the reaction 
force at  the second joint, balancing the forearm vibration, 
is directed along the axis of tlie first link and tlicrefore 
no additional moment is produced at tlie first joint. The 
nominal feedforward part of tlie two applied joint torques 
in CTJ control are sliown in Fig. 21. 

Although the end-effector behavior clianges witli the 
diff(:rent controllers (Figs. 18 -20), the masimuiii tlcflec- 
tions (z 7” during motion) are of‘ comparable order. As 
expected, y t l p  is not negligible, thus confirmiiig t h a t  coii- 
trol laws designed for joint trajectories are not well suited 
for accurate end-eRector trajectory tracking. The simu- 
lated tip deflection reported in the same figures (dashcd 
lincs) closely match the esperimental data. The ripples 
due to measurement noise i n  Figs. 18-19 liavc been t.limi- 
natetl in Fig. 20, thanks to proper filtering. 

Conclusioiis 

An experimental two-link planar rohot w i t 1 1  a very flesi- 
ble forearm has been described, and a nonliiicar tlynnmic 
model was given. The laboratory facility provides a suit- 
able environnicnt for investigating the 1,eliavior of tlic ro- 
botic system and for real-time testing of differelit control 
strategies. The probleiii of tracking trnject0ric.s tlcfincd 
ab the joint lcvel was coiisidered lierc a i d  diflcreiit Inodcl- 
biiscd control algorithnw based were colliparcd. Even if tlic 
choscn trajectory was rather severe for a flesihlc s t  riict ure, 
only the first vibrational mode mas significantly excited in 
1 he experimental results. This suggests that t l i c  accuracy 

of t,he proposed model, including two modes of vibration, 
is already satisfactory for control design. The obtained re- 
sults can be used as a baseline for comparison with more 
advanced control algorithms. Future developments include 
the consideration of feedback laws that use measures of 
the arm deflection, and of nonlinear controllers designed 
directly for tracking end-effector trajectories. 
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Fig. 6 - Joint errors for PD control 
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Fig. 7 - Joint errors for CTD control 
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Fig. 10 - Actual and desired joint outputs for PD control 

200 I 

200 I 

J 
5 6 7  1 2 3 4  
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Fig. 14 - Applied torqucs with PD control 
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Fig. 18 - Measured and simulated tip deflection with PD 
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Fig. 19 - Measured and simulated tip deflection with CTR 
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Fig. 20 - Mcasurcd and simulated tip deflection with CTJ 
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