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Abstract. A lightweight robot has been built with the
aim of testing advanced control algorithms and demon-
strating the engineering feasibility of flexible arm control.
The robot is a planar twa-link manipulator, with revolute
Jjoints and a very flexible forearm. A description of this
laboratory facility is given, including mechanical structure,
actuators and sensors, and interface electronics. A nonlin-
ear dynamic model of the robot is given, in which link de-
flection is expressed In terms of orthonormal mode shapes
of the associated eigenvalue problem. Simple control al-
gorithms are presented, which are composed of a model-
based feedforward term plus a linear feedback. These con-
trollers have been implemented for joint trajectory track-
ing and comparative experimental results are reported and
discussed.

Introduction

An on-going project at the Robotics and Coutrol Labo-
ratory in our Department is concerned with the model-
ing and control issues of flexible robots. The interest in
flexible arms is motivated by the potential advantages of
lightweight structures over conventional ones, in terms of
payload-to-mass ratio, speed of motion, or power required
to accomplish a given task.

Several modeling issues are involved in the analysis of
these robotic systems, ranging from the finite-dimensional
approximation of link flexibility [1] to the treatment of
nonlinear interactions in the coupled rigid/flexible dynam-
ics. General formalisms have been introduced, c.g. in [2],
to derive the Lagrangian dynamics of multi-link {lexible
robots.

As for the control problem, point-to-point regulation
was initially addressed, with the requireinent of arm vibra-
tion damping. In the more challenging problem of trajec-
tory tracking, a critical situation is encountered when the
controlled output is the end-effector position. Even in one-
link flexible arms, where linear dynamic models are ap-
propriate {3], standard inversion techniques aimed at out-
put trajectory reproduction fail, due to the non-minimum
phase nature of the transfer function from joint torque to
tip position. A similar difficulty is present when work-
ing with the full nonlinear dynamics of multi-link arins,
due to the presence of an unstable zero dynamics [4]. In
the attempt ol achieving exact tracking via inversion, un-
bounded state trajectorics are gencrated in the closed-loop
systemn, which result in extreme link deformations and
overwhelming torque demand. Therefore, different control
approaches are needed, based on nonlinear regulation [5)
or stable inversion in the frequency domain [6].

On the other hand, tracking of joint trajectories can
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always be obtained in a stable fashion, even in the pres-
ence of link flexibility. Thus, before considering the more
complex design of accurate trajectory controllers for the
end-effector motion, control performance of a joint-based
strategy should be carefully evaluated.

In any case, the complexity of the modeling and con-
trol problem asks for an adequate experimental verifica-
tion. To this aim, we have designed and built a two-link
planar robot with a very flexible forearm, which is now
available for control experiments. This choice was moti-
vated by the desire of limiting the system complexity, yet
including most of the relevant nonlinear and interacting
effects. Similar research manipulators, for which explicit
dynamic models have been derived, are considered in [7-
10].

In this paper the overall robotic system will be de-
scribed, pointing out the peculiarities of the mechanical
design, of the optical device for link deflection sensing,
and of the chosen actuators and computer control inter-
faces. A nonlinear dynamic model of the flexible robot
is given, which was used for simulation and control syn-
thesis purposes. Simple control algorithms are presented,
consisting of a model-based fecdforward term plus a linear
fecdback. A common characteristic of these controllers
is that they require the measure of joint variables only.
Experiments are reported to evaluate the considered con-
trol laws, and the obtained results validate the proposed
dynamic model. The end-effector performance of these
joint-based controllers provides also a quantitative basis
for comparison with more complex control algorithms.
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Fig. 1 = The two-link flexible robot arm



Description of the Robotic System

A brief but comprehensive description of the laboratory
facility is given in this section. For more details, the reader
is referred to {11].

o Mechanical structure

The robot arm is a planar mechanism constituted by two
links, respectively 0.3 m and 0.7 m long, connected by rev-
olute joints, and mounted on a fixed horizontal basement
as sketched in Fig. 1. The upper link is an aluminum
pipe of 100 mm diameter and 5 mm wall thickuess, and is
very stiff with respect to the forearm. The second link has
an overall weight of 1.8 kg and a more peculiar structure

(Fig. 2).
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Fig. 2 — The flexible forearm and a section {rame

Two parallel sheets of harmonic steel, 70 mm large and
1 mun thick, are mounted so to constitute the link sides.
The sheets are coupled by means of nine equispaced rigid
aluminum frames, each having a circular hole drilled in
the center. The square frames, 70 x 70 mm, have a ‘sand-
wich’ structure, with two external 4 nun thick aluminum
layers and an internal neoprene layer of 1 mm. To enable
relative displacements of the two sheets, hinge-like con-
nections are obtained by cutting the external layers of the
frames for 1 mm, while preserving the internal ncoprene
continuity. As a result, the forearm is very flexible in the
horizontal plane of motion, but relatively stifl in the ver-
tical plane and with respect to torsion. In fact, when the
flexible forearm is clamped at the base, the first bending
eigenfrequency in the horizontal plane is about 1 1fz, while
both vertical bending and torsional resonances are above
80 Hz. All parts of the robot were designed so to be rigid
compared to the flexible link. For instance, the supporting
legs have a high stiffness in both the flexural and torsional
modes. Whenever possible, moving parts lave been made
of aluminum so to reduce inertia moments.

e Actuators

The arm is actuated by two d.c. motors located at the
joints, in a direct-drive arrangement. No gear-boxes are
used to couple the motors to the links, as they would in-
troduce in the system undesired effects like backlash, fric-
tion and joint elasticity. The first motor (Clifton Precision
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DII-4000-AL-1) delivers a continuous torque of 2.8 Nm and
a peak torque of 18.8 Nm, for a total weight of 5.6 kg.
The second motor (DH-4000-AB-1) provides a continuous
torque of 1 Nm and a peak torque of 7.7 Nm. Its weight,
3.1 kg, is easily carried by the first rigid link. Both motors
are equipped with a 5000 pulses/turn incremental encoder
and a four poles d.c. tachometer, making joint position and
velocity available for feedback. To improve damping prop-
erties of arm dynamics, an analog velocity loop is directly
closed at the power amplifier level around both joints.

s Optical transducer

Deflection of the forearm is measured at three different
points along the link by means of an on-board optical
transducer, a complete description of which is given in [12].
The geometric scheme in Fig. 3 illustrates the working
principle for one point. A light source S mounted on the
link, whose angular position § will be measured, illumi-
nates a mirror M located at the link base and rotating at
speed w. The mirror focuses the light beam on the fixed
detector D only when the angular position v with respect
to the mirror normal n equals 8/2. Angle v is obtained
reading ‘on the fly’ the encoder pulse counting when the
detector is illuminated. The transducer accuracy is 0.5°,
its repeatability is 0.1°, while the measuring sampling time
(which is related to w) is 5 msec. Note that full measure-
ment capabilities are preserved around the 360° of allowed
link rotation.
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Pig. 3 — Geometric scheme for the optical transducer

e Interface electronics

To interface the robot with a control computer, custom
electronics has been designed and realized. The configura-
tion of the system is shown in the block diagram of Fig. 4.
All modules are linked to a bi-directional 32-bit bus, with
16 bits used for data and the rest devoted to addressing
modules and to hand-shake functions. Signal condition-
ing, A/D and D/A conversions are performed at the lower
level of the architecture. For each joint, the encoder out-
put is processed by a circuit which detects the rotating
direction and improves the angular resolution by a fac-
tor of four, resulting in 20000 pulses/turn. The output
of this stage drives an UP/DOWN counter that gives ab-
solute readings. The d.c. tachometer output is converted
into a 12-bit digital value, after filtering high frequency
noise over 500 Iz. Each motor module consists of a 12-bit
D/A converter, followed by an adjustable gain differential
amplifier and by a power current amplifier supplying the




motor. A specific board provides the interface between the
internal bus and the control computer, which is equipped
with a standard digital input-output card. At present, the
high-level computer is an IBM-AT running C programs
under MS-DOS.
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Fig. 4 — Block diagram of the overall robotic system

The main feature of this structure is its ease of use, allow-
ing to execute simple control laws with sampling times of
the order of 5 msec. For more complex algorithms and/or
for faster sampling rates, a multi-micro architecture with
DSP units is also available.

Dynamic Model of the Arm

A nonlinear dynamic model of the two-link arm has been
derived following a Lagrangian approach. Small deforma-
tions are assumed for the forcarm, leading to a linear dy-
namics of the flexible part, so that the main nonlinearities
in the model arise from the rigid body interactions between
the two links.

To compute the low frequency modes, the forearm
link is considered as an Euler-Bernoulli beam of length
Lo, uniform density p, and constant clastic properties EJ.
With reference to Fig. 5, for a link point 2 € [0, £2], w(z,1)
is the bending deflection measured from the axis passing
through the center of rotation of joint 2 and the center of
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mass of the forearm. Accordingly, 6, is the angle between
this same axis and the first rigid link axis.

Fig. 5 — Definition of robot arm variables

Considering the slewing nature of the forearm, deforma-
tion eigenfunctions have been obtained in {13]. The sec-
ond joint moment of inertia Jo; and the payload mass M,
and moment of inertia J, are explicitly included in the
boundary conditions associated to the partial differential
equation for w(z,t). An approximation of order n of the
link deflection can be expressed as

w(z,t) = Zqﬁ;(z)éi(t), (1)
i=1

with the time-varying coordinates é;(t) associated to the
mode shapes

¢i(2) = Cyisin(Biz) + Ca,i cos(fix)

+ C3,;sinh(f;z) + Cy4; cosh(f;z). )

The coeflicients C’s are determined, up to a scaling factor
which is chosen through normalization, from the imposed
boundary conditions. The values B; are numerically ob-
tained as the first n roots of the characteristic equation {13]

csh—sch- %ﬂissh—
p

yf—ﬁ?cch
p

9 X M
— 251+ cch) = S (oa + Jy)(esh—seh)  (3)

Jond " oJ, M ]
# T e sh  s) = TEER A1 - ech)=0,

where s = sin(B;€s), ¢ = cos(fil2), sh = sinh(f;{2), and
ch = cosh(B;€2). The natural angular frequencies w; of the
flexible link are related to f3; through 8} = pw?/EI.
Starting from this analysis, the Lagrangian dynamics
of the two-link robot is derived in the standard way as

B(q)q + ¢(q,9) + Kq+Dq = Gu, 4)

where q = (0y,02,81,...,6,) € R"* and with positive
definite symmetric inertia matrix B, Coriolis and cen-
tripetal terms ¢, and elasticity matrix K. Joint viscous



friction and modal damping coeflicients are arranged on
the diagonal of D, while input matrix G transforms mo-
tor torques u into generalized forces performing work on q.
To express the single dynamic terms in (4), the following
notation will be used

£2
vi=p éi(z)de, i=1,...,n, (5)
0
and
' O¢i(x .
Bie = $i(2)|,_p,» Hlo = ¢’a£¢) Li=1,...,n. (6)
’ ’ r=0

Since the eigenfunctions ¢;(x) automatically satisfy proper
orthonormality conditions, relevant simplifications arise in
the dynamic model.

For control design purposes, we will consider only two
modes of deformation, so that q = (8),04,8,,62) € IRY.
Neglecting in the kinetic energy of the system terms which
are quadratic or higher order in the deformation variables
é; vields the inertia matrix

b1 bia bz bia

bis ban O 0 -
Bas= (" ¢ | o (7)

b 0 0 1

with elements

bi1 = Jiot + Jaror + 2hz cos 0z — 2(h1 81 + haba)sin Oz
bia = Jogor + hacos By — (hy 6y + hads)sinby

b1z = hycosfly

bia = hacosfy

baz = Jaror
in which
hi = (vi + Mpie)la,
h3 = (A’[‘_)dg + Mp(.'._»)ﬁl

Jiror = Joi + Ji + Mydi + (M + Moy + M) €6
Joror = Joz 4 Jo + Madi + 1, + M, 05

1=1,2

where, in addition to previous definitions, ¢; is the length
of link 7, M; and My; are the mass of link 7 and of joint
i (actuator and hub), J; and Jy; are their moments of
inertia referred to the respective center of mass, and d; is
the distance of the center of mass of link 7 from joint axis
i. The components of the Coriolis and centripetal force
vector ¢(q,q) are:

= —(20.; 6 + 0;‘:) [hasin0s + (1161 + habo) cos 04]
— 201 + 62)(h161 + hoba)sin 04

¢y = 0% {hasin 0z + (R + habs) cos 0]

c3 = d}’hl sin 05

€1
(8)
Cq4 = 012]12 sin 92
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The input matrix takes the form

I 0 4%
, Gs=
Gg] s [0 ¢

while the elasticity matrix becomes

2
- v 0
=[5 @] ==[F 5]

Also, modal damping is included by specifying
D:[ ], D,g:[QClwl

0
where the first zeros on the diagonal of D are due to the
fact that the low friction at the joints is neglected. The
above explicit expressions can be generalized to the case of
n > 2 modes in a straightforward way. The flexible robot
arm is characterized by the following data:

o O

0 K; 10

O O
O Ds

0
2Cawn

o a

Zl =0.3m
ls=0.7Tm
Jirer = 0.447 kg m?
Joror = 0.303 kg m?

#lo =574

o = 11.64

wy = 4.716 - 2w rad /sec ™!
ws = 14.395 - 2w rad/sec™!

Jon =6.35-107*kgm®> (1 =007
My=J,=0 (2 =0.03

hy = 0.336 kg m® $1e = —1.446m
ha = 0.126 kg m? ¢2. = 1.369m

hs = 0.195kg m® (12)
The accuracy of the flexible part of the model has been ex-
perimentally validated up to eight modes, using accelerom-
eters mounted on the arm to obtain deflection informa-
tion {11,13].

Further useful relationships are

o-[il-|

002
expressing the angular position measured by the encoders
at the joints, and

0

o+ o+ 0pr | Y

w f':,t
Yiip = (c" ) + 03— 02
5 2 4 (14)
= ("—le ~ $0)b1 + (—26 — ¢50)02,
%) 23

which is the tip deilection of the forearm, as measured

by the optical sensor. Other similar measurements are

available at one third and two third of the link length.
Control Algorithms

The simplest controller for tracking a joint trajectory 84(t)

is a proportional-derivative (PD) law on the error

upp =Kp(0s—0:)+Kp(6a—0.), Kp,Kp > 0. (15)




The above gain matrices are usually chosen diagonal so
to obtain a decentralized law. Since gravity forces do not
affect arm motion, all joint positions with zero deflection
are equilibrium points of the open-loop system. Classic ar-
guments show that any constant 0. is made exponentially
stable by (15). This result holds in the continuous time for
any positive definite Kp and Kp. However, instabilities
may instead occurr with a pure digital control implemen-
tation of (15). Therefore, an analog velocity feedback has
been permanently included at the robot joints, i.e. =K p4..
Then, the digital part of the PD control is computed as

Upg = Kp(éd—-ac), éd =04+K;11<Déd| (16)

and the actual applied torque input is upp=u,9~ K o0,
This remark extends to all next cases.

Tracking accuracy can be improved with the addition
of a feedforward term that achieves nominal compensa-
tion of dynamic nonlinearities and interactions. Different
alternatives are possible, based either on a part or on the
whole available model. These controllers will all be de-
noted as computed torque (CT.) laws, motivated by the
similar approach in the rigid robot case.

As a first choice, a diagonal inertia matrix (CTD) is
used to feedforward the desired acceleration

P - J + Joro 0
ucrp = B.b4+upp, B, =717 0 ot Toror
2To

(17)
where only the constant rigid terms are included. This
preserves the decentralized structure of the control.

On demanding trajectories in the multi-link case, con-
trollers (15) and (17) are expected to produce relatively
large joint errors. Full compensation of the rigid body
interactions (CTR) is then introduced with

UCTR = Br(()d)(-.jd + ¢, (04,04) +upp (18)
where
by bio . al
B, (62)= [b 1} I] or (02,01, 05) = [c, ; ]
12 =0 22 2 mén
(19)

This control law nominally cancels the relevant nonlinear
interactions, and relies on an accurate estimate of the three
model parameters Ji7,¢, Joror, and hg. The same scheme
could also be implemented in a closed-loop arrangement,
leading to a nonlinear controller with feedback from the
partial state (8,0) of the arm.

A final improvement of joint error is obtained by tak-
ing into account the full dynamic model. Then, the control
law can be computed by inverting the plant at the joint
level (CTJ). For this, the dynamics is conveniently rewrit-
ten using 0., defined in (13), in place of ¢:

Be(a.)d. + ce(de, 4c) + Keqe + Do = Gou. (20)
It is easy to see that K, = K, D, = D, and G, = [I O],

so that equation (20) can be partitioned as
Bﬂab.c + Be&s-l- cg = u,
Bjs0: + Bssb+cs + Ké + D6 = 0.

(21a)
(21D)

Once 8. = 64(t) is assigned, vector equation (21b) can be
integrated off-line with zero initial conditions for § and
§. This produces a bounded solution for the deformation
variables §, being the zero dynamics of the system expo-
nentially stable when the output is the joint angular po-
sition [4]. The obtained solution § = §4(t) is substituted
in (21a) to provide the torque required for reproducing
exactly the desired joint trajectory on the nominal model.
The CTJ control law is then defined as

ucry = Beg(84,64)0a + Bes(fa,64)6a + upp.  (22)

We finally remark that all the above control laws do
not need the measure of link deflection.

Experimental results

The control laws introduced in the previous section have
all been implemented using the same software structure.
Joint reference values and off-line computed feedforward
terms are loaded in the computer RAM, while on-line mea-
surements coming from the arm are stored in a separate
buffer and transferred to mass memory at the end of the
experiment for post-processing. The control experiments
were conducted at 5 msec sampling time.

The joint trajectory to be tracked was assumed of the
bang-bang acceleration type, with zero initial and final
velocity, and specified as

47!’ T %' t € [01 %]
. k t€ [0, T 1 T ar
bar(t)=9 * 4 ez’ Oas(t)=q —=7, t€[T F]
X T
r B telf.1]
(23)
with
01(0) = 0, 0ar(T) = 7, 0x(0) = 6ue(T) = =5, (29)

and, as a consequence, 04:(7/2) = n/2. The total travel-
ing time is T = 4 sec, chosen so to avoid actuator satura-
tion. The peak velocities of the two joints are in this case
90° sec™! and 180° sec™! respectively, and with this tra-
jectory the nonlinear dynamic couplings between the two
links are quite relevant.

Comparative error results are reported in Figs. 6-9 for
joint I (continuous line) and 2 (dashed line). Figures 10-
13 recollect actual versus desired (dashed) joint trajecto-
ries. The following diagonal gains were selected for the PD
countroller:

kp; = 11.5 Nm/rad,
kps = 6 Nm/rad,

kpy = 2 Nm-sec/rad,

kps = 0.8 Nm-sec/rad. (25)
These gains are held constant through all the experiments,
for comparison purposes. The maximum error obtained
with PD control is about 15° for both joints (Fig. 6). The
joint angular positions practically converge to the final de-
sired ones within 7 sec, with elastic vibrations damped out
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by the dissipation in the structure and by the action of
joint velocity feedback.

Use of CTD control improves the overall tracking (see
Fig. 11), in particular of joint 2, although the peak errors
in Pig. 7 remain quite large. Viceversa, nominal compen-
sation of all rigid interactions (CTR) considerably lowers
the maximum error to about 4° on both joints (Fig. 8).
This suggests that estimated parameters used in this con-
trol law are sufficiently accurate. A further slight improve-
ment is obtained with CTJ control, with the error on the
first joint approximately halved (Fig. 9). The residual er-
rors with respect to the theoretically zero value indicate
some discrepancy between the model and the real system.

The applied torques for the four techniques are shown
in Figs. 14-17. The control effort is of the same order in
all cases, in the face of a better tracking accuracy for the
more complete control laws. The PD torques are very
smooth, mimicking the behavior of springs and dampers.
In the CTD and CTR cases, feedforward terms introduce
jumps in the torques in correspondence to the accelera-
tion discontinuities. Smoothness is recovered in the CTJ
results due to the superposition of the arm flexible mo-
tion, which in turn causes an oscillatory torque profile.
In particular, the torque oscillation after 4 sec (Fig. 17)
counteracts the back-effects of link vibration on the joint,
so to keep it at the final desired position. The main fre-
quency of this oscillation is about 1 IIz and corresponds to
the first clamped frequency of the flexible link. Note that
the two torques become equal when the arm has reached
the final configuration (f.2 = —=/2). In fact, the reaction
force at the second joint, balancing the forearm vibration,
is directed along the axis of the first link and therefore
no additional moment is produced at the first joint. The
nominal feedforward part of the two applied joint torques
in CTJ control are shown in Fig. 21.

Although the end-effector behavior changes with the
different controllers (Figs. 18-20), the maximuin deflec-
tions (= 7° during motion) are of comparable order. As
expected, ¥ is not negligible, thus confirming that con-
trol laws designed for joint trajectories are not well suited
for accurate end-eflector trajectory tracking. The simu-
lated tip deflection reported in the same figures (dashed
lincs) closely match the experimental data. The ripples
due to measurement noise in Figs. 18-19 have been elimi-

of the proposed model, including two modes of vibration,
1s already satisfactory for control design. The obtained re-
sults can be used as a baseline for comparison with more
advanced control algorithms. Future developments include
the consideration of feedback laws that use measures of
the arm deflection, and of nonlinear controllers designed
directly for tracking end-effector trajectories.
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Fig. 21 - Computed feedforward torques with CTJ




