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Dynamic model

= provides the relation between

Robotics 2

generalized forces u(t) acting on the robot

1T

robot motion, i.e.,
assumed configurations q(t) over time

Y
ujoints(t) / uCartesian(t)

(-A —
o )

a system of 2"d order ——
differential equations ®(q,4,4) = u




Direct dynamics

s direct relation

wo-(") - @ - o-(%)

input for t € [0,T] &= q(0),q(0) resulting motion
initial state at ¢t = 0

experimental solution

= apply torques/forces with motors and measure joint variables
with encoders (with sampling time T, )

solution by simulation < >  @(q,9,4) =u

= use dynamic model and integrate numerically the differential
equations (with simulation step T, < T, )
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Inverse dynamics

= inverse relation

qa(t), qq(t), Ga(t) wmmp @ ) u,(t)

desired motion required input
fort € [0,T] fort € [0,T]

= experimental solution

= e.g., by repeated motion trials of direct dynamics using u, (t), with
iterative learning of nominal torques updated on trial k + 1
based on the error in [0, T] measured in trial k: ,}im U (t) = uy(t)

= analytic solution > > @(q,9,4) =u

= use dynamic model and compute algebraically the values u,(t) at
every time instant t
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Approaches to dynamic modeling

Euler-Lagrange method - Newton-Euler method
(energy-based approach) | (balance of forces/moments)

= dynamic equations in = dynamic equations in
symbolic/closed form numeric/recursive form

= best for study of dynamic = best for implementation of
properties and analysis of control schemes (inverse
control schemes dynamics in real time)

= many other formal methods based on basic principles in mechanics
are available for the derivation of the robot dynamic model:

principle of d’Alembert, of Hamilton, of virtual works, Kane's
equations ...
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Euler-Lagrange method
(energy-based approach)

basic assumption: the N links in motion are considered as rigid bodies
(+ later on, include also concentrated elasticity at the joints)

q € RN generalized coordinates (e.g., joint variables, but not only!)

Lagrangian |L(q,q) =T(q,q) —U(q)

Kinetic energy — potential energy

= principle of least action of Hamilton
= principle of virtual works

Euler-Lagrange d oL 0L
equations dtdg; 0dq; T

non-conservative (external or dissipative)

generalized forces performing work on g;
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Dynamics of an actuated pendulum

a first example

3D 1 . .
. | .VIe_W] by I Om = n,0 =) Om = 10 + Bp
viscous frlctlon\glﬂ]]]ﬂllh ,,,,,,, m B
g T=NTy —
Tm' Hm
motor q=0 (or q = 6y,)
transmission
' i _ ... around the || axis
d (with reduction gear) T =T, +T, (

through its base)

e T =002 T, ==(I, + md?)§?
e m_zmm 1_2 [
I, 1
mgo motor inertia link inertia
M (around its (around the z-axis through
spinning axis) its center of mass ...)

L 1 5 MO s
kinetic energy T=E(Il+md + I,,ns)0 =EIH
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Dynamics of an actuated pendulum

(continued)

[2D view]

O, Tm

A b X 1
8 | m N2
= i i go\ L=T—U=EIH + mgoed cos 0 —U,
T 0 Q)
E L sih 6 oL 16 d oL 16 oL d sin 6
Dx Sl PY: dt 90 EY: mgdgopa sin

p, =1lcosB-6=].0

u=n,Ty, — b6 —n.by,0,, +JLE,=n,t,, — (b, + b,,n?)0 + L cos O E,

T 1‘ \ “sum” of

applied or dissipated torques equivalent joint torque NoN-conservative
on motor side are multiplied by n,, due to force F, applied to torques
When moved to the link side the tip at point p,,
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Dynamics of an actuated pendulum (cont)

T Om

------------------ dynamic model inq = 6

‘165 +mgydsind =n,.t,, — (b, + b,,n?)0 + lcos O - F, I

Ny T O

dividing by n,. and substituting 6 = 6, /n..

$

| m 0,, bl l 0,
—9 +—godsin—, =1, — 5+ by 6, + — cos— - F,
n? n, n, n? n, n,

dynamic model in g = 6,,
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https://en.wikipedia.org/wiki/List of moments of inertia

Examples of body inertia matrices
homogeneous bodies of mass m, with axes of symmetry

parallelepiped with sides
a (length/height), b and ¢ (base)

1 2 2
12m(b + ¢%)

_ 1 2 2
= 12m(a + ¢*)

1 2 2
12m(a + b*°)

empty cylinder with length h,
and external/internal radius a and b

%m(at2 + b?)
Ie = %m(3(a2 + bz) + hz) I, = Iyy
Izz

2

h
IL,=1,+m (E) (parallel) axis translation theorem

Steiner theorem

... its generalization:
I =1, +m@Tr Egus—1rT) =1, + mST(r)S(r)  changes on body inertia matrix

T due to a pure translation r of
body inertia matrix identity - cwork: skew- the reference frame
relative to the CoM MatriX prove last equality SYMMELric
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https://en.wikipedia.org/wiki/List_of_moments_of_inertia

Rolling inertias

https://en.wikipedia.org/wiki/Moment of inertia

4 “circular” bodies
with the same
mass & radius

rolling down
an inclined plane
without slipping

$

time to reach
the finish line
depends on their
moment of
inertia
(about rolling axis!)

from back to front:
B spherical shell 3rd
solid sphere 15t (smallest)
" | cylindrical ring 4t (largest)
Robotice 2 B8 solid cylinder 2nd y



https://en.wikipedia.org/wiki/Moment_of_inertia

Kinetic energy of a rigid body

mass density

1%
¢ body B mass m = J p(x,y,z) dxdydz —j dm

position of f q
center of mass (CoM) e =) T

when all vectors are referred to a body frame
RF. attached to the CoM, then

r.=0 = erm=0
B

1
Kineticenergy T = Ej v (x,y,2) v(x,y,z) dm
B

(fundamental)
kinematic relation v=v.,+twXr=v,+S(w)r
for a rigid body 1

skew-symmetric matrix
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Kinetic energy of a rigid body (cont)

1
_ - f (v + S(0))T (v, + S(w)r) dm
2 B

= %fB vevedm+ [ viS(w)rdm+ ng r’ST(w)S(w)r dm

1l l

1
=§m vIv, —vCS(a))j rdm =0 :Ef wTST(MS(r)w dm
B
1
= —w! <f ST(T')S(T') dm) w
translational 2 B
kinetic energy rotational 1 Homework
(point mass kinetic energy = ' I, | copute once inyour e’
€ expression o e
at COM) (Of the whole bOdY) 2 T elements of inertia matrix /.
Kbnig theorem body inertia matrix

(around the CoM)
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Robot kinetic energy

N
T = 2 T; @ N rigid bodies (+ fixed base)
—

T; =Ti(qj,q;;j < i) em open kinematic chain
\_Y_I

Konig theorem

1 1

T; = MV +5 0] I w;
S
absolute velocity absolute
T of the center of mass  angular velocity
i-th link (body) (CoM) of whole body

of the robot

Robotics 2
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Kinetic energy of a robot link

1 T 1 T
T; = > MiVeiVei + 5 @ I w;

w;, I .; should be expressed in the same reference frame,
but the product w;’I ;w; is invariant w.r.t. any chosen frame

%7 i) “w; = (°Ri(@) ‘i) L@ ( Ri(q) ‘w;) = wT( °RT(q) °Li(q) °Ri(q) ) ‘o,

i, T

= W ilci iwi # Olci(CI) = ORi(Q) ilci ORLT(Q)

in frame RF, attached to (the center of mass of) link i

/j(y2+zz)dm —fxydm —fxzdm \

.= f(xz + z%)dm —Jyz dm
1
constant! \ symm j (% + y?)dm )
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link N

0 0\
. va-=1u<q>q=< |0 0)6’I>3rows
W 0 0

(partial) Jacobians
typically expressed in RFO\

w; = Jai(q)q =

1 > 3 rows

/\
[ = ]
[ =~ ]
o O O
o O O
\/

= J
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NOTE 1: 1
in practice, NEVER = —
use this formula 2
(or partial Jacobians)
for computing T
= a better method
is available...

NOTE 2:
I used previously
the notation B(q)

N
qT (2 m; JL(@DJ1i(@) + T4 (@) @) ]Ai(Q)> q
=1

constant when w;
is expressed in RF
else

°Ii(@) = °Ry(q) 'I; °RT (q)

for the robot robot (generalized) inertia matrix

inertia matrix ...
(see past exams!)

= symmetric

= positive definite, Vg = always invertible

Robotics 2
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Robot potential energy

assumption' GRAVITY contribution only

U = z U, 4m N rigid bodies (+ fixed base)

U; = Ui(qj; ] < i) 4= open kinematic chain
\_Y_I

— T
Ui = —m;g Ty |
. typicall
gravity acceleration position of the e>2/ pressgd
vector center of mass of link i ipn RF
0

dependence on g
constant

(%) = °41(q0) *Az(a2) - T Ax(a) (?T in RF

NOTE: need to work with homogeneous coordinates
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Summarizing ...

positive definite

Kinetic _ T T . _ = e ive del
energy T ZCI M(q)q ZZmU(q)qlq] quadratic form
L

T =0,
pgﬁg?ggi;ﬂ U =U(q) T=0&g=0
Lagrangian L=T(,q)—U(q)
EuIer-La_grange d a.L _ oL — 1, k=1 . N
equations dtdq, 0qy

non-conservative (active/dissipative)
generalized forces

performing work on g;, coordinate
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Applying Euler-Lagrange equations

(the scalar derivation — see Appendix for vector format)

1
L(q.4) = —Zmi,-(qmiq,- - U(9)

z - d oL z
aqk ki q] dt (3qk mk] q] aql qlq]
(dependences of oL amu oU
elements on g
are not shown) aCII«: 2 — aqy U4j aClk

LINEAR terms in ACCELERATION g
QUADRATIC terms in VELOCITY q
NONLINEAR terms in CONFIGURATION g
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k-th dynamic equation ...

d oL oL
dtaq, dqe X
) ; 10m; ou
kajqj +i2j 2 aqk Tudj + aq,

exchanging
“mute” indices i, j

0mu
aqk qlq]

J

Christoffel symbols
of the first kind

Robotics 2 21



- . ) ‘\:g:
... and interpretation of dynamic terms §

. .. | [oU
zmkj(Q)Qj‘l'zckij(Q) qiqj|T =Uu, k=1,.,N
J

- s
AN

INERTIAL CENTRIFUGAL (i =) GRAVITY
terms and CORIOLIS (i # j) terms terms g, (q)

my,;.(q) = inertia at joint k when joint k accelerates (m,,;, > 0!!)
my;(q) = inertia "seen” at joint k when joint j accelerates (= m;;(q))

crii(q) = coefficient of the centrifugal force at joint k when
joint i is moving (c;;; = 0, Vi)

ckij(q) = coefficient of the Coriolis force at joint k when joint i
and joint j are both moving (= c;; (q))
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Robot dynamic model
in vector formats

. : oUN"
L }W(q)q tel@ad+g@=u |s@=(3)
extracted N — 4T : |k-th component
from T Ck (CI; CI) q Ck (q)q of vector ¢
k-th column 1/0M, (OM,\" oM bri
of matrix M(q) | Ci(q) =3 (a_q T (a_q) - a—qk) T matrid

the mbdel
is in the form NOT a

s@aD=u  SMmec [5;(q,0) =) 6@

as expected : matrix L
in general
Robotics 2 23

o 2 M(q)q +/S(q, 0)q+9(q) =u

factorization of ¢
by S is not unique!




Dynamic model of a PR robot

T=T,+T, U=constant=g(q)=0
(on horizontal plane)

qd1 — dcl 5 T =
Pc1 = 0 ) [[vell® = Peaber = 44
0

1 5
T, = Emﬂh
1 T L .
T, = Emzvczvcz + sz Irwo
q, + dcz COS 4, q, — dcz sinq, q, 0
Dc2 = d.; sinq; - Ve2 = dc2 €OS Q3 g Wz = 0
0 0 d>

1 : : : . 1 :
I =-m, (1 + d2q3 — 2d ¢z sinqz 4143) + > le2,2295

Robotics 2 24



Dynamic model of a PR robot (cont)

| my+my —Mydc; Sinq; ~ _ (c1(q,9)
M(C[) - (—mzdcz sin q, Icz,zz T mzdgz) «(a.4) = (CZ(q’ CI))
M, M, ck(9,9) = 4" Cu(q)q
e Oty = L (OMic (aMk>T oM
where Ci(q) =2\ "\ g Erm
_1//0 0 0 0 0 0
C1(q) = 2 ((0 —Myd 5 COS qz) T (O —Myd, COS qz) - (O O)>
¢1(q,q) = —myd,; cos q; 43
(0 —m,d,, COS qz) N ( 0 0)
Colay = L[N0 0 Myl cosqy 0/ )
2(q) =5 B ( 0 —Myd gy COS qz) -
—myd ., COS g, 0 :
‘ c,(q,q) =0
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Dynamic model of a PR robot (cont)

M(q)ij +c(q,q) = u|
.

( mq + mo —mzdcz Sin CIZ) (Ch) + (_mZdCZ COS 5 q%) _ (ul)
—Madersingy  Iepzz + madZ, /) G2 0 e

NOTE: the myy element (here, for N = 2) of M(q) is always constant!

Q1: why is variable g4 not appearing in M(q)? ... this is a general property!
Q2: why are Coriolis terms not present?

Q3: when applying a force u,, does the second joint accelerate? ... always?
Q4: what is the expression of a factorization matrix S? ... is it unique here?

Q5: what if the PR robot was moving in a vertical plane? ... just add g(q)!
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A structural property

Matrix M — 2S5 is skew-symmetric
(when using Christoffel symbols to define matrix S)

Proof
am omy; O0m;; \
( . amk] ; ZSk] z chl] qi = z < k] T U) Y.

aql dq; Oqj dqx

[

6mu omy;\ .
‘ Myj — 2Skj = a0 34, qi = Ng;j

e = omy,  Omy;\ using the
n]k — m]k S]k — qi = nk]

\ l dq;  0qx symmetry of M/
) x"(M-25)x=0,vx
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Energy conservation

= total robot energy

1
E=T+U=5q"M@)4q+U(g)

= its evolution over time (using the dynamic model)

L oL . dU
E=q"M@)§+5q M@q+—-
q here, any
T N . j . factorization
= (q (U_S(QJQ)CI—Q(CI))‘FECI M(q)g+q g(q) of vector ¢
1 by a Ignatrlxcf
. . - S . can be use
= §"u+-q" (M(9) - 25(0.))

= if u =0, total energy is constant (no dissipation or increase)
E=0 m) " (M(q)—25(q,4))q=0,vq,q | = E =¢"u

it is @ weaker property than skew-symmetry, in general, the variat_ion
as the external velocity g in the quadratic form of the total energy is
is the same inside the two matrices M and S equal to the work of

non-conservative forces
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Appendix ‘
dynamic model: alternative vector format derivation §

d (GL)T (6L>T ~
at\ag) " \aqg) —"

1
L==q"M(q)qg—U(q)

2 o - 1 - 0)
C !
M(q) = (Ml(q) o Mi(q) e N(q)> ZMl(q)eiT th
oL T =1 position
(%) — (qTM(q))T = M(q)q dyadic expansion

T

%(g_fl) —M(q)q+M(q)q—M(CI)Q+Z( )Qiq
G = (02 )=*5) 330 0v- )
of S matrix giving ‘ M(Q)C[ + (Z <

(aM ) , N (au) B
skew-symmetry 561 1 q aq —

toM — 2§ k-th row of matrix S \ J —

ST q,q) =4"Ce(q) | < 5(q,4) (generi g(q)
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