Robotics 1
July 12, 2021

Exercise #1
Consider the 4-dof spatial RRRP robot in Fig. 1. The robot has a shoulder and an elbow offset.

Figure 1: A spatial RRRP robot.

a) Assign a set of Denavit-Hartenberg (DH) frames and derive the associated table of parameters.
Place the 0-th DH frame coincident with the world frame RF,, and the last DH frame with the
origin in P and the z axis in the approach direction. Draw all the DH frames on the robot.
Provide also the (approximate) values of the robot coordinates g in the shown configuration.

b) Compute in symbolic form the direct kinematics p = f(q) for the position of the end-effector.
Derive the analytical Jacobian J(g) of this map.

¢) Neglect from now on the shoulder and elbow offsets (i.e., set B = D = 0). For the resulting
reduced Jacobian J,.4(q), find (at least) a singular configuration ¢*. In such a configuration,
define a feasible end-effector velocity v* € R? and find a joint velocity ¢* € R* that realizes it.

Exercise #2

A robot link is actuated by a DC motor with rotor inertia I, = 1.5-107* [kgm?] via a double
gearbox and a transmission shaft. An incremental encoder with N = 2000 pulses/turn is mounted
on the motor axis (without extra electronics for quadrature count). A first gearbox with reduction
ratio n,; = 10:1 is placed at the motor output. This drives a long transmission shaft having
rotational inertia I; = 0.5-1072 [kgm?]. A second gearbox is placed at the end of the shaft with a
reduction ratio n,o > 1 which has to be defined. The final payload is the robot link, with an inertia
around its rotation axis I, = 0.8 - 10! [kgm?]. Neglecting all dissipative effects, model this robot
joint structure and find the value n,2 that minimizes the motor torque 7,, needed to accelerate
the link by 6, = a > 0. Accordingly, determine the angular resolution A8, of the link position
provided by the encoder measurement on the motor side. For a bang-bang, rest-to-rest trajectory
rotating the link by 6y 4 = —7/4 in T = 0.5 s, find the maximum absolute value Ty, maz (in [Nm])
of the torque that the motor needs to produce.



Exercise #3

Plan a smooth rest-to-rest trajectory using a minimal representation of the orientation by means
of ZYX Euler angles («, 3,7) from the initial orientation
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passing through the intermediate orientation
6 V2 V2
1 1 2
Rvia = _V6 V2 V2
1 1 2
1 V3
-3 3 0

In the inverse problems, use always the solution with the ‘4+’ sign when there is such an option.
The time durations for the two subintervals are 71 = 2.5 [s] (from R; to R,;,) and T3 = 1 [s] (from
R,;, to Ry), with total motion time 7" = T} + T». The planned orientation trajectory should be
continuous up to the acceleration for all ¢t € (0,7) (so, everywhere except at the initial and final
instants). At the end of the computations, sketch the time evolution of the three Euler angles
(a(t), B(t),v(t)) and check whether or not a representation singularity is encountered during the
planned motion.

[180 minutes (3 hours); open books]



Solution
July 12, 2021

Exercise #1

A possible assignment of Denavit-Hartenberg frames for the 4-dof RRRP robot is shown in Fig. 2.
The associated parameters are reported in Tab. 1.

Figure 2: A possible assignment of DH frames for the 4-dof RRRP robot of Fig. 1.

i a; a; d; 0;

1 /2 B A @ =7/2
2 0 C 0 g2~ /4
3 /2 D 0 q3 >0
4 0 0 42> 0 0

Table 1: DH table of parameters corresponding to Fig. 2. The joint variables ¢; (in red) take values
associated to the robot configuration shown in the same figure.

With the data in Tab. 1, we construct the homogenous transformation matrices ‘~1A;(g;), for

i = 1,...,4. The position of the robot end-effector in homogeneous coordinates is efficiently
computed as

p = (1) = ") e A *astan) (7).

1
yielding
cosqy (B + Ccosga + Dcos(qa + q3) + qasin(ga + g3))
p=f(q)=| sing (B+ Ccosqs+ Dcos(qz + q3) + qasin(qgz + ¢3))
A+ Csings + Dsin(qa + q3) — q4 cos(g2 + q3)



Using the usual shorthand notation, the analytic Jacobian is thus

of(q)
J(q) = Tq
=81 (B + Ceg + Deag + qusaz)  —c1 (Csa + Dsag — qacaz)  —cy (DSag — qacasg) 1823
=| c1 (B4 Ceca+ Decag + qases) —s1(Csg + Dsog — qacas)  —s1 (Dsag — qacas)  s1823
0 Ceco + Dceas 4 qas23 Decas + qa823 —Ca3

(1)
For singularity analysis, it is also very convenient to work with the Jacobian matrix expressed in
the (rotated) first DH frame:

'J(q) = "R{(q1) I (q)

0 — (Csa 4+ Dsaz — qaco3) — (Dsa3 — qacas) 523 (2)
= | B+ Cecy+ Dcag + qaS23 0 0 0
0 Ceca + Deas + qas23 Decas + q4523 —C23

By neglecting now the shoulder offset (B = 0) and the elbow offset (D = 0), we obtain from (1)
and (2)
—51(Cca + qas23) —c1(Cs2 — qaca3) qacicaz  C1823
Jrea(q) = | c1(Cea+ qusaz)  —s1(Cs2 — qucaz) qusicas s1823 |,
0 Cca + qa823 GaS23  —Ca3

and, respectively,

0 —(Csy — qac23)  qacas 523
1Jred(q) = | Ceca+ qas23 0 0 0 . (3)
0 Ccy + qus23 q4S823 —C23

The kinematic singularities of the reduced Jacobian are characterized by

rank {J,cqa(q)} = rank {' J,ca(q)} < 3.
It is easy to see from (3) that the singularities are of two kinds:

) Cca + qq823 =0 = the end-effector point P is on the axis of joint 1;

(I1) q1 =0 and s3=0 = the prismatic joint is fully retracted
and link 2 and 4 are orthogonal to each other.

The last question is on generating a joint velocity solution that realizes a desired feasible end-
effector velocity in a singular configuration. Two examples are provided next for illustration.

e g* = (7/2,0,0,0) (simple singularity of type II)
The robot is in the configuration sketched in Fig. 3 [left]. The reduced Jacobian is

-C 0 0 O
Jreq = Jrealq@”) = 0 0 0 O = rank {J  ;} = 2.
0O C 0 -1



A feasible end-effector velocity v* € R? and a joint velocity ¢* € R* that will realize it are

0
0 __c_
v=| 0 | eRMT = @ =dhda)e =] O |
_]_ 1
C2+1

where the pseudoinverse J fid of Jreq has been computed numerically using MATLAB (but it
is easy to guess its full expression also by inspection). Another possible solution is given simply

by g =(0 0 0 1)

e g** = (m/2,7/2,0,0) (double singularity: type I and II together)
The robot is in the configuration sketched in Fig. 3 [right]. The reduced Jacobian is

0 0 0
i =Jdreal@)=10 -C 0 1 = rank {J2,} = 1.
0 O

A feasible end-effector velocity v** € R? and a joint velocity ¢** € R* that will realize it are
then

0
.
vt = 1 c R{J::d = q** — Jfﬁed(q**) vt = CO+1 (: q*'),
1
C2+1

Another possible solution is given simply by ¢**' = (0 —1/C 0 0 )T.
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Figure 3: Two singular configurations of the 4-dof RRRP robot with two associated feasible end-
effector velocities vg: [left] simple singularity; [right] double singularity.



Exercise #2

Figure 4 shows the motor/sensor/transmission/link arrangement of the considered robot joint.

I,
encoder gearbox 1 gearbox 2
DC motor transmission shaft link

Figure 4: The robot joint with definition of quantities.

The torque balance on the motor axis is given by

o= L+ (Itét) + nﬂlw (Ilé@) ,

Nr1

whereas the angular velocities are related by
ét = N2 ée, ém = Nr1 ét = Nyr1Mr2 ée;

and similarly for the angular accelerations. Setting now a generic desired acceleration 8, = a > 0,
we obtain

1 1 I I, 1
Tm = Im (nrlnr2 a) + I (nr2 CL) + Ipya= ((Im Nyl + _t> Np2 + ¢ ) a. (4)
Nr1 Nyr1My2 Nr1 Nr1 Nr2

The necessary condition for a minimum of 7, as a function of the unknown n,q is

0 Tm :<<zmn,n1+ ft)_ L ﬁ)a:o,
Onpo N1 Np1 Ny

I; 1, 1 I,
Ly - =0 = mp=
( n1+nﬂ> ne1 N2, ftr2 I + I, n?,

This is indeed also a sufficient condition for a minimum since

or

Prm 2L 1
Tm 2L >0
Onga?  np1 npy

Plugging in the numerical data, we obtain n,s = 2. As for the resolution of the angular position
of link, we have

1 1 2m

Af, = AG, = —
T e U™ T 102 2000

= 1.5708 - 10~* [rad] = 0.009°.




Finally, the bang-bang angular acceleration & A,,,, for a link that moves from rest to rest by 6, 4
in time T is obtained from the triangular velocity profile (with peak absolute speed V4, at the
halftime ¢t = T/2) as

4|94,d
T2

= Amaw =

T T
Vma:}c = =10 ) Vmax = Amaz 5
2~ 2

The associated motor torque will also be bang-bang, %+ 7., maz, With the maximum absolute value
computed setting @ = Aq, in (4). With the numerical data, one obtains

Apae = 47 = 12,5664 [rad/s?],  Tom.maz = 0.008 - Apae = 0.1005 [Nm].

Exercise #3

The three given rotation matrices Ry, Ry;,, and Ry are first converted into their minimal repre-
sentation of the orientation by means of ZYX Euler angles (a, 3,7). From the direct mapping

Ryzy x(a,B,7) = Rz(a) Ry (B)Rx (7)

cosacos S cosasinfsiny —sinacosy cosasinfcosy + sin asin-y
= | sinacosf sinasinfsiny 4+ cosacosy sinasinfcosy —cosasiny |,

—sinf cos fBsin~y cos [ cosy

we have the inverse solutions, for a given rotation matrix R = {R;;} in the regular case, computed
in the order
8 = ATAN2 {~Ry1, +/F3, + 3 }

Ro1 Rn
= ATAN2
“ {cosﬁ’cosﬁ}’ (5)
R3s  Rss
= ATAN2
7 {cosﬁ’cosﬁ}’

where the ‘+’ sign has been used in the expression of 3, as requested. Applying (5) to the initial,
intermediate, and final rotation matrices yields

m T
R = = — =0 = —
1 aq 2a 61 ) a! 47
i ™ e
Rm'a = Ay = _Za 51} - gv Yo = 57 (6)
s 3
R; = az =0, 52227 2=

No singular case (cos 3 =0, or 8 = £7/2) was found at these orientations.

The problem is to define a smooth interpolating function in time for each of the three Euler angles,
with zero boundary velocities. We need thus a simple spline, namely one constituted by only two
cubic polynomials. We rewrite these for a generic angle 6(¢) in the two intervals ¢ € [0,7}] and
t € [T1, T + Tz] = [T1,T), using conveniently the normalized times 7; = ¢/T;, for i = 1,2:

01(m1) = a7y + bi7i + 61, 71 € [0,1]
o(t) :{ (7)

92(7’2) = Qo (Tg—l)3+bQ(TQ—1)2+92, Ty € [0,1].



Its first and second derivatives are

. 01(m1) = Ti (3a1712 +2by7y), 7 € [0,1]
=9 ! ) (8)
() = 7 <3a2 (r2 — 1) + 2by (2 — 1)) . mel01]
and 1
) él(Tl) = ﬁ(6a17'1+2b1), T € [0, 1]
i=1 ! 9)
92(’7’2) = ﬁ((ﬁ(lg (72—1)+2b2)7 Ty € [0, 1]

The cubics in (7) and the quadratics in (8) automatically satisfy the boundary conditions at ¢t =0
and t = T, respectively in position (61(0) = #; and 65(1) = 65) and velocity (61(0) = 65(1) = 0).
Considering also the intermediate passage at 6, and introducing the common (yet to be defined)
velocity v at the via point, we impose four more conditions as

0:1(1) =ay; + b+ 6, =6,

. 1
01(1) = ?1 (3@1 + 2b1) =V
92(0) = —ax+by+ 02 =10,
. 1

92(0) = ?2 (SCLQ — 2b2) =,

and solve the resulting (2 x 2 decoupled) linear system

1 1 0 0 ay 0, — 61
32 0 0 b | Ty
00 —1 1 as | | 0y —6s
00 3 —2 by v Ty

in terms of the spline coefficients
ay =vTy —2(0, —01)
by =300,—01)—vT
as =20y —63) +vTs
by = 3(0, — 02) + v T5.

(10)

The remaining unknown v is obtained by imposing continuity of acceleration at the via point, i.e.,

91(1) = ﬁ (6(11 + 2b1) = ﬁ (—6@2 + 2[)2) = 92(0),

1 3
or
4(1+1)v: 6(0y —61) 6(0, —02)
T, T T2 T2
yielding - -
3
U:m (Tj (9u—91)—T;(9u—92)>~ (11)

By replacing (11) in egs. (10), and these in (7), we get finally the general solution.



Substituting for 61, 6,, and 0y the specific numerical values assigned respectively to «, 8, and ~,
and using the time intervals T} = 2.5 and T» = 1 [s], the following three splines are obtained® is
for the Euler angles «(t), 8(t), and ~(¢):

_207r 5 291w 5w

041(7'1)—@71_ 112 T1 +§, 716[0,1]
a(t) =
1017 1717w
012(7'2) = —%(72— )3—%(7'2_1)27 T2 € [0»1]7
137 237
51(7'1):—%7{""5712, 716[0,1]
t =
ALt) 417 3 3Tm 9
ﬂQ(TQ) = 7@(7’271) 7@(7’2*1) +Z7 TQE [0,1],
317 3 7r
’yl(Tl):mTffﬁTfﬁ’Z, 7'16[0,1}
V() =
53 1237 3
’}/2(7'2) = —%(72—1)3—%(7'2—1)24—?, To € [0,1].

The plots of these three splines are reported in Fig. 5. The cubic polynomials in the two intervals
are drawn in different colors (blue for the first, red for the second). From the evolution of 5(t) it
is clear that the singularity f = +7/2 ~ +1.57 [rad] of the ZYX Euler representation is never
encountered during the planned motion.
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Figure 5: The time evolution of the three interpolating Euler angles a(t), 5(¢), and ~(t).

kX 3k ok ok

1This result has been generated by a symbolic code in MATLAB. Therefore, infinite precision arithmetic is used.
Indeed, the same formulas are obtained by a purely numerical code.



