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as x* — % and y* — y.". Therefore, as k > oo (i.e., r* > 0),
¢ (g, (»f, x%), b, (9F)) = 0,
that is,
P(wk, %) = £ %),
which implies the existence of a positive integer K, such that
(25)

for € in (23). Besides, from the continuity of f, at any ( y,, x), we
have the existence of a positive integer K5 such that

LG ®) — £ 30(x%), x9)) <,

|PI(wk, x%) = f(p), %) <€, forallk>K,

for all k > K.

(26)

Set K = max (K, K,, K3). Then, using (25), (23), and (26), in
turn, we have the following relations for all kK > K.

PI(pk xk) <f(pr %) +e
= £,(5r ®) — < L(3(x%), %)) (@7)
Since ¢ > 0,

L), %) < B 30(x%), x%). (28)

Equations (27) and (28) yield
Pnrk( vk, xk) < P”’k( y",k(xk), xk),

This relation and (24) contradict that y, k(x") is optimal for (3) in
response to x and r*. Therefore, any accumulation point is
optimal for (4) with £.

Existence and Optimality of the Limit Point: Since the optimal
solution (%) to (4) with % is unique under the assumption d),
the accumulation point of { y (x¥)} is also unique. Therefore,
the accumulation point becomes a limit point of { ¥/ (x*)}. Thus,
we can conclude that yi/'(x¥) converges to y,(%).

for all k > K.
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Kinematic Control Equations for Simple Manipulators

RICHARD P. PAUL, SENIOR MEMBER, IEEE, BRUCE SHIMANO,
AND GORDON E. MAYER

Abstract— The basis for all advanced manipulator control is a relation-
ship between the Cartesian coordinates of the end-effector and the manipu-
lator joint coordinates. A direct method for assigning link coordinate
systems and obtaining the end-effector position in terms of joint coordi-
nates is reviewed. Techniques for obtaining the solution to these equations
for kinematically simple manipulators, which includes all commercially
available manipulators, are presented.

INTRODUCTION

A serial link manipulator consists of a sequence of mechanical
links connected together by actuated joints. Such a structure
forms a kinematic chain and may be analyzed by methods
developed by Denavit and Hartenberg [10]. The results of this
analysis are the matrix equations expressing manipulator end-
effector Cartesian position and orientation in terms of the joint
coordinates. These equations may be obtained for any manipula-
tor independent of the number of links or degrees of freedom.

In this correspondence we first review the method of obtaining
these equations extending the procedure of assigning coordinate
frames to include simple manipulators which have many zero
length links and intersecting joint axes. While we may obtain
these kinematic equations for any manipulator it is their solution
which is of interest. Given a desired Cartesian position and
orientation of the manipulator’s end-effector what are the neces-
sary joint coordinates? While there is only one end-effector
position corresponding to a given set of joint coordinates, there
are a number of configurations of the manipulator’s links all of
which place the end-effector in the same position and orientation.
Normally only one solution corresponding to a-given kinematic
configuration is desired (e.g., elbow up or down, etc.), rather than
the entire set of solutions. Frequently the solution is to be
embedded in a real-time servo loop and only a very minimum
number of mathematical operations may be performed.

When the manipulator geometry is simple and well understood
a trigonometric solution may often be obtained [1]-[3], 8], [9].
However, six-degree-of-freedom manipulators are sufficiently
complex that the direct trigonometric method is too difficult to
apply. We present a method of obtaining a solution to the
kinematic equations based on the Hartenberg—Denavit matrices
from which the solution is obtained explicitly in the case of
simple manipulators. The existence of an explicit solution to the
kinematic equations for any manipulator is of great importance
in evaluating the manipulator’s suitability for computer control.
Iterative solution techniques can involve an order of magnitude
and more computation than an explicit solution. Pieper [5] in his
thesis considers a series of simple manipulators for which a
closed-form solution is obtainable. It is to these “simple” mani-
pulators that the solution method presented in this correspon-
dence is applicable. We have solved the kinematic equations for
all commercially available manipulators and find that the equa-
tions can be readily obtained in a matter of hours.

Manuscript received March 15, 1979; revised July 23, 1979; March 30, 1981.
This material is based upon research supported by the National Science
Foundation under Grants APR77-14533, APR75-13074, and APR74-01390.
Any opinions, findings, and conclusions or recommendations expressed in this
publication are those of the authors and do not necessarily reflect the views of
the National Science Foundation.

R. P. Paul is with the Advanced Technology Laboratory, GTE Laboratories
Inc., 40 Sylvan Road, Waltham, MA 02254, on leave from the Department of
Electrical Engineering, Purdue University, West Lafayette, IN 47905.

B. Shimano is with the West Coast Division of Unimation Inc., 5841A
Uplander Way, Culver City, CA 90230.

G. E. Mayer is with Wright-Patterson AFB, AFWAL /MLTC, OH 45433,

0018-9472 /81 /0600-0449$00.75 ©1981 IEEE



450

COORDINATE FRAMES

A serial link manipulator consists of a sequence of links
connected together by actuated joints. For an n-degree-of-freedom
manipulator, there will be » links and » joints. The base of the
manipulator is link 0 and is not considered one of the six links.
Link 1 is connected to the base link by joint 1. There is no joint
at the end of the final link. The only significance of links is that
they maintain a fixed relationship between the manipulator joints
at each end of the link (7). Any link can be characterized by two
dimensions: the common normal distance a,, and a, the angle
between the axes in a plane perpendicular to a,. It is customary
to call a, “the length” and a,, “the twist” of the link (see Fig. 1).
Generally, two links are connected at each joint axis (see Fig. 2).
The axis will have two normals connected to it, one for each link.
The relative position of two such connected links is given by d,,,
the distance between the normals along the joint » axis, and 6,
the angle between the normals measured in a plane normal to the
axis. d,, and 0, are called ‘the distance” and “the angle” between
the links, respectively.

In order to describe the relationship between links, we will
assign coordinate frames to each link. We will first consider
revolute joints in which 6, is the joint variable. The origin of the
coordinate frame of link » is set to be at the intersection of the
common normal between joints n and n + 1 and the axis of joint
n + 1. In the case of intersecting joint axes, the origin is at the
point of intersection of the joint axes. If the axes are parallel, the
origin is chosen to make the joint distance zero for the next link
whose coordinate origin is defined. The z axis for link » shall be
aligned with the axis of joint n + 1. The x axis will be aligned
with any common normal which exists and is directed along the
normal from joint n to joint n + 1. In the case of intersecting
joints, the direction of the x axis is parallel or antiparallel to the
vector cross product z,_,X z,. Notice this condition is also
satisfied for the x axis directed along the normal between joints n
and n + 1. For the nth revolute joint when x,_, and x, are
parallel and have the same direction, , is at its zero position.

In the case of a prismatic joint the distance d,, is the joint
variable. The direction of the joint axis is the direction in which
the joint moves. Although the direction of the axis is defined,
unlike a revolute joint, its position in space is not defined (see
Fig. 3). In the case of a prismatic joint the length @, has no
meaning and is set to zero. The origin of the coordinate frame for
a prismatic joint is coincident with the next defined link origin.
The z axis of the prismatic link is aligned with the axis of joint
n + 1. The x,, axis is parallel or antiparallel to the vector cross
product of the direction of the prismatic joint and z,. For a
prismatic joint, we will define its zero position, with d; = 0, to be
when x,_; and x, intersect. With the manipulator in its zero
position, the positive sense of rotation for revolute joints or
displacement for prismatic joints can be decided and the sense of
the direction of the z axes determined.

The origin of the base link (zero) will be coincident with the
origin of link 1. If it is desired to define a different reference
coordinate system then the relationship between the reference
and base coordinate systems can be described by a fixed homoge-
neous transformation [6]. At the end of the manipulator the final
displacement d or rotation ¢ occurs with respect to z5. The
origin of the coordinate system for link 6 is chosen to be
coincident with that of the link 5 coordinate system. If a tool or
end-effector is used whose origin and axes do not coincide with
the coordinate system of link 6, the tool can be related by a fixed
homogeneous transformation to link 6.

Having assigned coordinate frames to all links according to the
preceding scheme, we can establish the relationship between
successive frames n — 1, n by the following rotations and transla-
tions.

Rotate about z,_,, an angle §,.
Translate along z,_,, a distance d,,.
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Joint n

Joint ntl

Fig. 1. Length a, and twist a, of a link.

Translate along rotated x,_, = x,,, a length a,,.
Rotate about x,,, the twist angle a,,.

This may be expressed as the product of four homogeneous
transformations relating the coordinate frame of link » to the
coordinate frame of link n — 1. This relationship is called an 4
matrix:

Cld —S0Ca S0Sa aCl
4 =50 ClCa —ClSa aSO (1)
" 0 Sa Ca d
0 0 0 1

where S and C refer to sine and cosine, respectively. For a
prismatic joint the 4 matrix reduces to

Cld —S0Ca S6Sa 0

_| S0 CiCa —COSa O
An 1] Sa Ca d| @)

0 0 0 1

Once the link coordinate frames have been assigned to the
manipulator the various constant link parameters can be tabu-
lated: d, a, and «a for a link following a revolute joint and, § and
a for a link following a prismatic joint. Based on these parame-
ters, the constant sine and cosine values of a may be evaluated
and the values for the six A4, transformation matrices determined.

KINEMATIC EQUATIONS

Having assigned coordinate frames to a manipulator it is
possible to obtain the Cartesian position and orientation of the
manipulator end-effector when given the joint coordinates.

The description of the end of the manipulator, link coordinate
frame 6, with respect to link coordinate frame n — 1 is given by
U, where

U;1=An"‘An+l"l ALY PY (3)

The end of the manipulator with respect to the base, known as
Ty, is given by U,:

Ts=U=A »Ayx Ay Ay» As» Ag. )

If the manipulator is related to a reference coordinate frame by a

transformation Z and has a tool attached to its end described by

E, we have the description of the end of the tool with respect to
the reference coordinate system described by X as follows (4):

&)
In Fig. 4 the PUMA arm (Unimate 600 Robot) is shown with

coordinate frames assigned to the links. The parameters are
shown in Table 1.

X=2Z+T,*E.
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Joint n=1

link n=2

Joint n

Ao,

Fig. 2. Link parameters 4, d, a, a.

Joint n

11

link ntl

Joint ntl
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Joint ntl
Joint n-1 On+1
en-l
&
link n-1
L link n+l
\\“*‘\ =J
ﬁ: X
\ alf
n Zn-1
ﬁ *n-1
en
U
Fig. 3. Link parameters d, a for prismatic joint.
The A matrices for the PUMA arm are as follows: _C4 0 -5, 0
S, 0 ¢ O
A= 4 9
[c, 0 -5 0 ““lo -1 o d, ©)
A= S, 0 ¢, O (6) | 0 0 0 1
0 -1 0 0
| 0 0 0 1 -Cs 0 S5 0]
S 0 —C O
_ - A= 5 5 10
G =5 0 aG ’ 0 1 0 O (10)
A2= S2 Cz 0 azsz (7) _0 0 0 1_
0 0 1 0
Lo 0 0 1 (¢, -5, 0 0]
S, G 0 0
A. = 6 6 (11)
[c, 0 8 a0 1o o 1 0
— 0 0 0 1
A3= S3 0 C3 a3S3 (8) L p
0 1 0 d,
Lo 0 0 1 ] where S; refers to sin (8;) and C; refers to cos (6;). The product of
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where S,; refers to sin (6, + ;) and C,, refers to cos (4, + 6,),

nx OX aX pX
n, o a, p
U=4Us=Tg= 'lz oj aj pf (17)
25,2, 0 0 0 1
R where
. 2, 0
‘ §° n, = Ci[Cy(CyCsCs— 5456) — 82385C6]
’ o , —S1[84CsC + CoSq] (18)
i n, = S|[C(CoCsCs — S4S5) — SpSsG)
+ Ci[S4CsCs + CyS¢] (19)
4 n, = —8p(CCsC— S486) — C3855Cs (20)
A 0, = C [~ Cy3(CyCs 86+ S4Cy) + 5235551
8312, = S8i[—84CsSs + CoGe] 21
0, = S§|[— Cy(CyCsSs + S4Cs) + 853558]
+ CI[_S4C5S6 + C4C6] (22)
Fig. 4 PUMA manipulator. 0. = Sp(CalsSs + SaCe) + 38556 @3
a, = C(Cy3CySst 83Cs) — 515455 (24
PUMA ArRM
LINK PARAMETERS FOR a,= —§,C,Ss+ CuCs 26)
Joint a® 0° d a Range
1 —90° 01 0 0 013+/_160° Dy = Cl(d4S23 + a3c23 + aZCZ) - Sld3 (27)
§ (9)00 22 (d) 22 32;—2;2 : :i§§° py= Sl(d4S23 + a3C23 + a2C2) + C1d3 (28)
4 —00° O, dy O  6p+/—170° P.= —(—dyCos + a3Sy + a,5,). 9)
5 9° 65 0 0 05:+/—135°
6_ 17.000 =OO 75 b 00 O:+/ =170 In order to compute the right hand three columns of Ty, we
Zi; 4937 d?: 17.000 require 12 transcendental function calls, 34 multiplies, and 16

the A matrices, starting at link 6 and working back to the base,

for the PUMA arm are

additions. The first column of Ty can be obtained as the vector
cross product of the second and third columns.

If the joint coordinates are given, the position and orientation
of the hand are obtained by evaluating these equations to obtain
T;. The position and orientation of a tool with respect to a base

Us = 4s (12)  coordinate frame can now be obtained from 5).
GG —CsSs S5 0 SOLUTION
U= AU, = SsC =S58 —G 0 (13) In order to control the manipulator, we are interested in the
Se G 0 0 reverse problem, that is, given X in (5), what are the correspond-
0 0 0 1 ing joint coordinates?
We may first obtain T from (5) as
C4C5 C6 - S4 S6 - C4C5 S6 - S4C6 C4S5 0 _ _ .
U d | SCCo+ CiSs =SS+ GG 8485 0 T=Z"'xXxE (30)
4T —=85Cs S5S6 C d, and then the traditional approach is to solve the matrix equation
0 0 0 1 To=AxA,x A3 x Ayx As* Ag (31)
(14)
C3(C4C5C6 - S4S6) - S3S5C6 _C3(C4C5S6 + S4C6) + S3S5S6 C3C4S5 + S3C5 d4S3 + a3C3
Uy, = AU, = S3(C4C5C6 - S4S6) + GS5Cs _S3(C4CSS6+ 84C) — G3858s  $3C485— GG —dyGt asS; (15)
S4C5C6 + C4 S6 _S4C5S6 + C4C6 S4S5 d3
0 0 0 1
U, = A4,U,=
C3(CaCsCs— 8486) = S1385Cs —Coa(CuCsSs+ 84Cg) + $2385Ss Cr3CySs + 855Cs d4Sy + a3;Cp3a,Cy
$23(CaCsCs — S4¢) + Ci3SsC —Sy3(CCsSs+ 8,G) — C3S8s8s 833G Ss — CnCs —dyCo+ a3Sy3+ a, 5, (16)

S4CsCs + Cy S
0 0

—8,4CsSs + CC

S84S5 dy
0 1
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where T; is given numeric values. With numeric values assigned
to the elements of T, the required values of 6, 4,, 05, 0,, 05, and
0; can be obtained by simultaneously solving (18)-(29). This
approach is difficult for the following reasons: the equations are
transcendental; we will need both the sine and cosine in order to
determine angles uniquely and accurately; the manipulator ex-
hibits more than one solution for a given position; and we have
twelve equations in six unknowns.

There are, however, six other matrix equations obtained by
successively premultiplying (31) by the 4 matrix inverses:

AT T= 0, (32)

Ay AT T = U (33)

A7V AT AT T = U, (34)

A7 v AT AV AT T = U (35)

AT " A7V AT AT R ATV Ty = U, (36)

The matrix elements of the left sides of these equations are
functions of the elements of Ty and of the first # — 1 joint
variables. The matrix elements of the right hand sides are either
zero, constants, or functions of the nth to 6th joint variables. As
matrix equality implies element by element equality we obtain 12
equations from each matrix equation, that is, one equation for
each of the components of the four vectors n, o, a and p.
Equating elements of these matrix equations frequently results in
equations yielding joint variables explicitly. We will illustrate the
various forms of these equations by developing the equations for
the PUMA arm.

If we premultipy (31) by 4;"! we obtain

AT s Ty=Ayw Ayw Ay As* Ag (37)
AT T = U,. (38)
The left side of (38) is given by
C, S 0 0 ny 0, a4y Py
S N N R A
0 0 0 1 0 0 0 1
(39)

The inverse of a homogeneous transformation is simple to obtain
(see Appendix I) and the product of these two matrices is

f(n)  fule) fula) fu(p)
AT T, = f(n)  fi(e) fu(a) fu(p)

fis(n)  fis(o)  fis(a)  fis(p) “e)
0 0 0 1
where
m=Cx+ S8y (41)
fu=—z (42)
fis= —Six+Cyy (43)

and x, y, and z refer to components of the vectors given as
arguments to f},, f1,, and f,5, for example

fu(n)=Cn, + Sin,.
The right side of (38) is obtained from (16) and is given by

(44)

Co3(CuCsCs — 84s) — S2385Ce
S23(C4C5C6 - S4S6) + Cy385C
S4CsCs + C4 S

0 0

Uu,=

. 6, JUNE 1981
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All the elements on the right side of (45) are functions of 6,, 6,,,
dy, 04, 05, and 6, except for element 34. We may equate the 34
elements to obtain

fis(p) =d; (46)

or

—Spt Cip,= —d;. (47)

In order to solve equations of this form we make the following
trigonometric substitutions:

Dy =rcos¢ (48)
p,=rsin¢ (49)
where
r=+(p+p})” (50)
[ P
=t ‘(—y). 51
¢ =tan”!{ (51)

As either the numerator or denominator of (51) can be zero we
will use the arctangent function of two arguments to obtain
values of ¢. This arctangent function uses the sign of the numera-
tor and denominator to determine the correct quadrant for the
resulting angle and is defined over the range —# < ¢ < 7. Sub-
stituting for p, and p, in (47) we obtain

S¢CO,— CoSO,=d, /r (52)
with
0<dy/r<1.
Equation (52) reduces to
S(¢—0,)=ds/r (53)
with
0<¢—0,<m.
We may obtain the cosine as
C(¢—6)) = =1 (ds/r)’ (54)

where the minus sign corresponds to a left-hand shoulder config-

uration of the manipulator and the plus sign corresponds to a
right-hand shoulder configuration. Finally,

d

0.=tan“(&)—tan”' 2 (55)

x "_‘\/rz— d?

Having determined 6, the left side of (38) is now defined.
Whenever we have the left side of one of (32)-(36) defined, we
examine the right side for elements which are a function of
individual joint coordinates. In the case of the PUMA arm, as
with any arm with two or more joint axes parallel, the Ty matrix
is expressed in terms of sums or differences of the angles relating
to the parallel axes. In order to solve the kinematic equations, the
sum or difference of the angles must be determined before the
angles themselves can be found. In addition the solution for these
sums of angles involves the sum of the squares of two equations.
Such is the case in order to solve for §, and 6;. The 14 and 24
elements of (38) are

—Cp(CyCsSs + S4C6) + 5235556
_S23(C4C5S6 + S4C6) — G858 523G S5 — Cy3Cs
_S4C5S6 + C4C6

dySy+ ay,Cyy+ a,C, = Cip, + S\p, (56)
—dyCst asSyt+ a5 = —p, (57)
GG Ss+ S3Cs dySy+ a3Cys + ayG,

—d,Cp3+ a38y3+ a, S, ) (45)
S4S5 d3
0 1
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where
ClPx+Sll7y=f11p (58)
—P;= fizp- (59)
Squaring, adding, and simplifying:
f121p +fl22p_ di— a§ —a3=2a,d,S; + 2a,a,C;.  (60)

Since the left side is known and the only variables are S; and C;,
this equation is of the form of (47). It can be solved to yield

as

6, = arctan — —arctan (61)
4 +Ve —d?
where
d:f12]p+fl22p_d‘%_a§~a% (62)
e=4a%a}+ 4a2d?  (constant). (63)
Evaluating the elements of (33) we obtain
fu(n)  fa(o) fu(a) fu(p)—a,
fa(n)  fu(o) fn(a) fa(p) =U, (64)
fa(n)  fu(o) fu(a) fs(p)
0 0 0 1
where
= G(Cix + 8,y) — 8,z (65)
f2= —S(Cix+ 81y) — Gz (66)
fa=—Six+ Cyy. (67)
Since this yields nothing, we evaluate (34) as
fi(n)  fu(o) fu(a) fu(p) —aG—ay
fua(n)  fo(o) fu(a) fu(p) +d; =,
fua(n)  fa(o)  fi(a) fis(p) — a,5;
0 0 0 1
(68)
1= C(Cix + 81y) — Syz (69)
fn=—8Six+Cy (70)
f53= S53(Cix + 81p) + Cysz (71)
equating the 14 and 34 terms we obtain
Cosfiip = Suap. = a G+ ay (12)
Sufipt Cup, = ds+ a,S;. (73)

Since C,; and S,; are the only variables, we can solve the above
equations simultaneously to yield:

wy fiip — W1P2
S (74)
fl 1p + p;
wifip+ W p,
B= (75)
fl]p +p;
where
WI = a2C3 + a3 (76)
W2= d4+ a2S3 (77)
therefore
w —wp,
0= arctanM (78)

W|f1|p+ W, P,
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and
02 = 023 - 03 . (79)

With the left side of (68) now defined, we check the right side for
functions of single variables. The 13 and 23 elements give us
equations for the sine and cosine of 6, if sin(fs) is not zero.
When sin 65 = 0, ;= 0 and the manipulator becomes degenerate
with both the axes of joint 4 and joint 6 aligned. In this state it is
only the sum of 6, and 65 which is significant. If 6; is zero we are
free to choose any value for 6,. The current value is frequently
assigned:

CiSs= C23(Clax + Slay) — Sna, (80)
8;8s= —Sa,+ Ca, (81)
and
6, tan"! —Sia,+ Ca, 2)
C23(C1ax + Slay) — Sya,
if
0;>0
and
Q,=0,+180° iff;<0. (83)
Evaluating the elements of (35) we obtain
fa(n)  fu(o) fu(a) 0 CC —GCS S 0
fa(n)  fo(o) fw(a) 0 S5C  —Ss8 —Cs 0
fia(n)  fu(o) fi(a) O Ss G 0 0
0 0 0 1 0 0 0 1
(84)
where

fa= C4[C23(C,x +8y)— Szaz] + 8 [=Six+ Cy] (85)

fo= —Su(Cix + 81y) — Cxz (86)

fis= —Si[Cus(Cix + 81y) = Spz] + C[—S1x + Cy].
(87)

From the right side of (84), we can then obtain equations for S;,
Cs, S¢ and Cg by inspection. When both sine and cosine are
defined we obtain a unique value for the joint angle. We obtain a
value for 65 by equating the 13 and 23 elements of (84):

Ss= Cy[Cis(Cia,+ Sia,) — Spa,] + S,[—Sia,+ Ca,)

(88)
= S23(Clax + Slay) + Cpa, (89)
and obtain 05 as

L G[Cis(Cia,t S1a,) = Spa,] + S,[—Sia,+ Cia))

0. =
s= tan SZ3(Clax+ Slay) + Cya,

(%0)

While we have equations for both S and C;, the equation for S
is in terms of elements of the first column which involves the use
of the n vector of T;. The n vector of Ty is not usually made
available as it represents redundant information. It can always be
computed by the vector cross product of the o and a vectors. By
evaluating the elements of (36) we can obtain equations for Sy
and g as a function of the o vector:

fi(n) fa(e) 0 0 G —S, 0 0
fan) falo) 0 O 15 ¢ 0 0 (1)
f3(n)  fa(e) 1 0 0 0 1 0
0 0 0 1 0 0 0 1
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where

fs1= G {C[Cis(Cix + S1y) — Spz] + S[—Six + Cip]}
+85{ =Sxu(Cix + Sp) — Cyz}) (92)

f2= =S Cu(Crx + S1y) — Spz] + G [=S1x + Ciy] (93)

fi3= Ss{CG[Cxu(Cix + 8yy) — Spz] + Sy[—Six + Ciyl}
+Cs{Sy3(Cix + 81y) + Cpz}. (94)

By equating the 12 and 22 elements we obtain expressions for Sg
and C:

Ss= —Cs{C[Cs(Cro, + S10,) = Sy0,] + Si[ S0,
+Ci0,] } + S5{S55(Cro. + S10,) + Cpo,}
C6: ""S4[C23(C]0x+ S]Oy) - S2302] + C4[_Slox+ Cloy].
(%)

(95)

We obtain an equation for b as:
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Its inverse is given by

L L L, —pl
T—]__ m, m, m, —p-m (99)
n, n, n, —pn

0 0 O 1

where the terms of the right-hand column are obtained using
vector dot product. That (99) represents the inverse is easily
verified by forming the matrix product and checking that the
result is an identity matrix:

L G {G[Cu(Cro,+ 810,) = S0 ] + S,[—Si0,+ C0,] } + S5{S(Cro, + Sy,

s = tan

Even in the case where 0, is undefined because the manipulator
configuration is degenerate, once a value is assigned to 0, the
correct values for 85 and 6 are determined by these equations.
This solution corresponds to 16 transcendental function calls, 38
multiplies, and 25 additions.

EXTENSION TO OTHER MANIPULATORS

This solution technique, demonstrated with the PUMA mani-
pulator, is valid for kinematically simple manipulators, including
all commercially available manipulators for which solutions have
been obtained. There are, however, some manipulators whose
configurations mandate a slightly different approach to the solu-
tion. In the case of a manipulator with an offset at the hand, the
problem was inverted and the solution to the kinematic problem
to position the base at T; ' was solved.

There are two common pitfalls in obtaining solutions which
should be avoided. One of these is division by the sine or cosine
of an angle. The other is not maximizing the use of common
expressions. For example, after solving for 6, from (82), a possi-
ble method to determine 65 would be to equate the 2,3 and 3,3
elements of (68). In order to do this, the 2,3 element (S,S;)
would have to be divided by S,. This leads to inaccuracy when S,
is near or equal to zero. By extending the method one more step
and premultiplying by 45 ! both problems were avoided.

SUMMARY

We have reviewed the method of assigning coordinate frames
to the links of a manipulator. In terms of these coordinate frames
the kinematic equations can be developed in a straightforward
manner. These equations can be obtained for any manipulator. If
the manipulator is kinematically “simple,” the solution to the
kinematic equations can be obtained in a very straightforward,
error-free manner.

APPENDIX ]

Given a homogeneous transformation represented by four vec-
tors I, m, n, and p

lx mx nx px
!
r=|> " T Py (98)
I, m, n, p,
0 0 0 1

—Sy[Cn(Cio,+ 810,) = Sy0,] + C[—Si0,+ Cr0)]

L1 I —p-l I, my n, p,
Tlep=|Mx ™My m. —pm| l, m, n, p,
ny n, n, -pn lx m, n, p,
0 0 0 1 0 o0 0 1
(100)
+ Cy0,
) Coo.} . (97)
Il I'm Im O
1, p—|ml mm mn 0O
TmsT nl nm nn O (101)
0 0 0 1
As the three vectors /, m, and n are orthogonal we have
Il=m-m=nn=1 (102)
and
I'm=Iln=nm=0 (103)

and thus (101) reduces to an identity matrix.
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